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Chapter 1

Introduction to hydromechanics

1.1 Solid state, �uids, continuum approach

Difference between solid state and a �uid:
A solid body can resist shear stress, �uids can't. A �uid starts moving even with the smallest
shear stress acting on it.Fluids can be in the form of either liquids or gases, and must be
distinguished. Liquids form a free surface under gravity forces, while gases expand until an
obstacle stops them from further expansion. (Fig. 1.1).

��������������������������������������������������������������

Figure 1.1: Fluid (left vessel) forms a free surface; Gas (right vessel) expands

Fluid density:
Fluids consist of a great number of molecules. The molecules themselves are �exible and their
distance to each other are, in general, much greater in gases than in liquids. The �uid density
describes a relationship between its mass and volume. The mass in this volume is then de-
pendent on the contained number of molecules. If the observed volume is too small, when its
characteristic length is in the range of the average distance between the molecules, the density
can't be identi�ed exactly. On the other hand, if the volume i s too big, it isn't always possible to
detect the macroscopic inhomogeneities. A de�nition of the �uid density is given by:

r = lim
DV! DV0

Dm
DV

(1.1)

1
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Figure 1.2: De�nition of the �uid density

The characteristic volume DV is a physical pointof the �uid at a mathematical point P charac-
terized [?]. For example, a volume with 10� 9mm3 air at normal conditions consists of approx.
3� 107 molecules. With the help of Eq. (1.1) this is suf�cient to de� ne a so-called constant den-
sity. Then the �uid can be regarded as a continuum(Fig. 1.2). In the following we imply, that the
examined �uid can be viewed as a continuum.

1.2 Primary and derived parameters

The parameters that occur in �uid-mechanics can be classi�e d into primary and secondary, or
derived, parameters. Mass (M), length (L), time (T) and temperature (Q) are primary param-
eters, or the so-called primary dimension, all other parameters are derivatives of them. For
example force (F), which is sometimes added to the primary dimensions instead of the mass.
According to Newton's 2nd law: force = mass � acceleration, thus F = MLT � 2.

1.3 Eulerian and Lagrangian approach

Fluid mechanics problems can be regarded from two different points of view. First, the La-
grangian approach, which tracks the individual particles (molecules) within the current. The
covered distance of such a particle is viewed as a function of the time. The Lagrangian method
is mainly used in the mechanics of solids. Second is the Eulerian approach, which describes
the �ow �eld in a stationary volume, regardless of the direct ion an individual particle takes.

Thus, �uid dynamics measurements can be better accomplishe d using the Eulerian approach.
For example, to measure the velocity or the pressure in a tube (�ow), a measurement system
is installed at a speci�c point (x,y,z) within it. The measur ing results then show a pressure �eld
p(x,y,z) or a velocity �eld v(x,y,z). The velocity �eld is the most important parameter o f a current
because other attributes are derivatives of it, e.g. the transport of water compounds and heat or
kinematic parameters, such as acceleration (a = dv

dt ).
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Table 1.1: Primary and derived parameters
Mass (M) Kilogram (kg)
Length (L) meter (m)
Time (T) seconds (s)
Temperature (Q) Kelvin (K)
Force (MLT � 2) Newton (N), 1 N = 1 kg m/s2

Area (L2) m2

Volume (L3) m3

Velocity (LT � 1) m/s
Acceleration (LT � 2) m/s2

Pressure, tension (ML� 1T � 2) Pascal (Pa)= N/m2

Angular velocity (T � 1) 1/s
Energy, heat, work (ML2T � 2) Joule (J)= N m
Performance (ML2T � 3) Watt (W)= J/s
Density (ML� 3) kg/m3

Dynamic viscosity (ML� 1T � 1) kg/(m s)= Pa s
Kinematic viscosity (L2T � 1) m2/s

1.4 Fluid properties and equations of state

As it was mentioned before the velocity �eld v is the most important �ow characteristic. The
velocity components vx, vy and vz are often named by u, v and w. Furthermore, the velocity is
also closely related to the thermodynamic properties pressure p, temperature T and density r .
It is not possible to diversify the thermodynamic parameters independently of them. They are
linked with each other by equations of state.

1.4.1 Pressure

Pressure is de�ned as force per area and is often associated w ith the dimension of Pascal (Pa),
1Pa= 1Nm� 2. However, there are also other pressure dimensions, e.g. Bar (1 bar = 105 Pa) or
atmosphere (1 atm = 101325 Pa).
A gradient of the pressure is often the driving force within the �ow (especially in pipe systems); in
general, only the pressure difference matters (exception: cavitation, see section 1.4.7) and not
the absolute value of the pressure.

1.4.2 Temperature

When two bodies are in contact with each other, the temperature shows the direction of the
heat energy �ow between these two bodies (for the de�nition o f the temperature T see [?]).
The temperature is a measure of the internal energy level of a substance. There are different
scales to display the temperature, most common are the Celsius scaleand the Kelvin scale. The
Celsius scaletakes the difference between the melting and boiling point of water and divides it
by 100 degree-steps. The Kelvin scaledisplays the temperature on an absolute-temperature
scale, which is obtained by ideal gases and their pressure in a constant volume. The absolute
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Figure 1.3: Eulerian and Lagrangian approach

temperature is also named the thermodynamic temperature. The dimension is Kelvin (K). The
conversion of temperature from one scale system into the other is expressed as:

T [K] = T [� C] + 273.15 or 0 � C = 273.15 K

1.4.3 Density

The density of a substance is de�ned as mass per volume (Eq. 1. 1). The density of gases is
very much dependent on the pressure and the temperature, while the density of liquids is, in
most cases, constant by approximation. Those liquids are referred to as incompressible.

1.4.4 Equation of state for gases

The equation of state of ideal gases (law of ideal gases) is expressed [?] as:

p =
nRuT

V
(1.2)

Here n is the quantity of material (in mol) of the volume V. Ru is the gas constant with the value
Ru = 8:314J/(mol K), p is the pressure of the gas and T the absolute temperature (K). Eq. (1.2)
is valid by approximation for all gases, in fact the higher the temperature and lower the pressure
(relatively to the critical point), the more exact it is. Air can be considered as an ideal gas, the
law of ideal gases is, in approximation, ful�lled.
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Real gas does not exactly ful�ll the equation for an ideal gas (Eq. 1.2). But the critical pressure
of most of the substances exceeds the atmospheric pressure in large numbers, so the behavior
of the gas vapor can be described in most cases as ideal. Ideal gases differ in their behavior
from real gases due to intermolecular forces. Molecules with a repellent behavior lead to an
expansion due to pressure declination or temperature inclination. On the other hand, attractive
forces lead to expansion due to pressure inclination or temperature declination. What state of
force is active depends upon the molecular distance between each other. With the real gas factor
this can be expressed in a function, which is pressure-sensitive.

Z =
pV

nRuT
(1.3)

For small pressures the value Z equals almost one. For very high pressures Z > 1, repellent
forces are dominant; in contrast to moderate pressure, Z is usually smaller than one (Z < 1),
hence, attractive forces between the molecules are dominant.
Eq. (1.2) can be written in a different way:

p = r RT (1.4)

R is the individual gas constant for every gas. It is derived when the gas constant Ru is divided
by the molecular weight M (in kg/mol):

R=
Ru

M
(1.5)

Valid for ideal gases:

cp � cv = R=
Ru

M
; (1.6)

cp and cv are the speci�c heat capacity at constant pressure and const ant speci�c volume (con-
stant density) respectively. Air gives following values: cv � 718J/(kg K), cp � 1005J/(kg K) and
Rair � 287J/(kg K).
Furthermore, thermodynamics shows:

cv =
¶û
¶T

(1.7)

cp =
¶ĥ
¶T

(1.8)

ĥ = û+
p
r

(1.9)

where ĥ is the speci�c enthalpy and û is the speci�c internal energy, both have the dimension
J/kg.

1.4.5 Equation of state for liquids

An equation of state, similar to that for ideal gases, does not exist for liquids. In other words, there
is no ideal liquid law. But for most cases in hydromechanics the following idealized assumptions
can be made:

r � const: cp � cv � const: (1.10)
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The density of water decreases slightly with increasing temperature and increases with increas-
ing pressure. There are many detailed tables about this and other properties in literature, e.g.
[?]. The density of ocean water is, in addition to temperature and pressure, also dependent on
the salt content.

1.4.6 Viscosity

������������������������������
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Figure 1.4: Shear stress in a solid body (left) and in a viscous �uid (right)

In solid bodies the shear stress t is a function of the deforming angle a of a mass unit (See Fig.
1.4 left) dependent on the material law. In contrast to solid bodies, the shear stress in �uids is a
function of the angular deforming speed da

dt (Fig. 1.4 right).
The dynamic viscosity µ of a �uid is de�ned as the ratio of shear stress divided by the v elocity
gradient. Therefore the dimension is (force)(time)/(distance)2 or Pa�s. Thus the shear stress t is
proportional to the velocity gradient du

dy, and the proportional factor is the dynamic viscosity:

t = µ
du
dy

(1.11)

The kinematic viscosity n (in m2/s) is the ratio of dynamic viscosity and the mass density:

n =
µ
r

(1.12)

n is in this case only kinematic, because the mass units are eliminated.
The viscosity of liquids and gases depends on the temperature. The pressure in viscosity of
�uids usually plays an insigni�cant role, and thus, it can be neglected.
Adhesion constraint:
The adhesion constraint is caused by intermolecular forces, therefore the �ow velocity at a wall
equals zero (see Fig. 1.4 right). Hence, the velocity gradient du

dy at the wall is �nite and with
Eq. (1.11) the shear stress is also �nite. In ideal �uids, the viscosity effect can be neglected
(assumption: µ = 0). Therefore du

dy = ¥ at the wall.
Newtonian �uids:
The �ow behavior of �uids can be displayed by �ow curves (Rheo logy). Those are expressed by
the following equation:

t = t f + µ
�

du
dy

� n

(1.13)
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Table 1.2: Dynamic viscosityµ, densityr and kinematic viscosityn for different �uids at 20� C
and 1 atm.
Fluid µ [Pa s] r [kg/m3] n [m2/s]
water 1:0� 10� 3 998 1:0� 10� 6

air 1:8� 10� 5 1.21 1:51� 10� 5

hydrogen 8:8� 10� 6 0.084 1:05� 10� 4

mercury 1:5� 10� 3 13580 1:16� 10� 7

glycerin 1:5 1264 1:18� 10� 3

Newtonian �uidsare characterized, when t f = 0 and n = 1. Water and air are Newtonian �uids.
Other �uids diverge in their behavior of �ow, e.g. Binghamia n �uids (tooth paste) t f 6= 0 (see
Fig. 1.5).

Newtonian flu
ids (n=1)

plastic flu
ids (n<1)

dilatant flu
ids (n>1)(e.g., w

ater, a
ir)

(e.g., to
othpaste)

ideal Bingham plastic flu
ids (n=1)

(e.g., g
elatine)

(e.g., certain varnishes)

t f

t

d u
d y

Figure 1.5: Flow behavior of Newtonian and other �uids

For general �ow this law of material for Newtonian �uids can b e expressed, as:

t i j = µ
�

¶vi

¶x j
+

¶v j

¶xi

�
(1.14)

Reynolds number:
The Reynolds numberis the most important parameter to characterize the viscous behavior of
�owing Newtonian �uids (see appendix B for more about dimens ionless numbers).

Re =
vL
n

:
inertial force

viscosity force
(1.15)

v and L are characteristic velocity and length, respectively, of the �ow ( L is for example the tube
diameter in pipe �ow systems). Very small Re indicates creeping�ow, where inertial effects can
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be neglected, e.g. in groundwater �ow. Whereas, when high Re occurs, there is turbulent�ow,
which is applicable to most of the problems in technical hydromechanics. Moderate Reynolds
numbers indicate a Laminar �ow.

1.4.7 Vapor pressure and cavitation

The vapor pressure is the pressure where the liquid and gaseous phases are in a state of equilib-
rium. The vapor pressure is temperature-sensitive. Thus vapor pressure curves give the boiling
temperature depending on pressure, e.g. water boils under atmospheric pressure (� 1bar) at
a temperature of 100 � C (see Fig. 1.6). The equation of Antoinegives an easy approximative

T [  C]

p [bar]

0

0.5

1

1.5

2

0 50 100 150

Figure 1.6: Vapor pressure of water

calculation of the vapor pressure pD:

pD = 10(A� ( B
T+ C)) � 133:4 (1.16)

In this case, the temperature T has the dimension of � C. Then, pD has the dimension Pa. For
water the Antoine constants have the value A = 8:07131, B = 1730:63 and C = 233:426.
If the pressure in a �owing �uid is reduced until its vapor pre ssure - e.g. because of higher
velocities in tighter cross-sections (see Ch. 4.6)- , vapor blisters will be generated. This is
called cavitation. These vapor blisters can collapse suddenly under high pressure. In turbulent
�ow with signi�cant velocity and pressure variation, cavit ation may occur locally, without mean
pressure falling below vapor pressure. Cavitation destroys materials, and therefore, it must be
prevented in hydraulic engineering structures (e.g. by: smaller mean velocities, increasing the
pressure level, design of the �ow boundaries). Some applica tions where cavitation can occur
include pipe constriction, turbine blades, arris cross-section constriction in spillway chutes and
other structures with local high velocities.

1.4.8 Surface tension and capillary attraction

Liquids tend to minimize their surface. Therefore, drops of liquids try to take on a spherical
shape, because a sphere has the smallest ratio of surface to volume. When two liquids or a
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liquid and a gas mingle (get connected) with each other there will be an interface in between,
which is usually bent. The physical-chemical background to this phenomenon is very complex
and we refer to useful textbooks, e.g. [?]. The work, which has to be done to enlarge the surface
A of the amount dA, is the product of gdA, when temperature and volume are constant. Here, g
is the surface tensionand has the dimension of energy per area (unit J/m2 or because of 1 J =
1 Nm the unit N/m is used). The surface tension of water at 20 � C is 0.073 Nm (mercury: 0.48
Nm). It is temperature-sensitive and decreases with increasing temperature.
The boundary layer between liquids or between liquids and gases are, in general, bent because
of surface tension. This has different impacts, which are brie�y described in the following:
Capillary attraction:
When a narrow capillary is dipped into water, it can be observed that a water-pillar rises in the

p

p

q

2 r

p - 

h
r
cos q2 g

Figure 1.7: Rising liquid in a capillary tube

capillary. Water wets the wall of the capillary, thus the adhesion energy between the wall and the
liquid increases with increasing the wetting. As a result of the wetting of the wall in the capillary,
the surface of the liquid is bent (Fig. 1.7). The pressure on the concave side of the boundary
layer is greater than on the convex side, this is the result of the surface tension. This is described
by the following equation (Laplaceequation):

Dp =
2gcosq

r
; (1.17)

q is the adjacent anglebetween the rim of the meniscus and the wall. For q < 90� the liquid has
a wettingbehavior and for q > 90� it is non-wetting. In order to receive the capillary ceiling h
of the liquid within a capillary the hydrostatic pressure r gh of the liquid pillar has to equal the
pressure difference at the interface (equilibrium).

h =
2gcosq

r gr
(1.18)

In a glass capillary the water-air interface (boundary layer) has an adjacent angle q � 0 and
therefore h � 2g

r gr . For example a glass capillary has a radius of r = 1 mm, thus the capillary
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ceiling of the water results in 1.5 cm (interface water–air, g= 0:073Nm, q � 0, r = 1000kg/m3).
In contrast the capillary ceiling of mercury results in -0.46 cm (interface mercury–air, g= 0:48
Nm, q � 130� , r = 13600kg/m3).

1.4.9 Compressibility

The Hookian lawfor solid bodies describes the proportionality between tension s and expansion
e:

s = Ee (1.19)

E is the modulus of elasticity (E-Module).
Analog to the Hookian law the decreasing of the volume as a result of increasing pressure
(compressibility) in the �uid can be described as:

DV
V0

= �
Dp
E

(1.20)

The modulus of elasticity of water is � 2 � 109 N/m2 (see appendix A). Hence, to compress a
water volume only about 1%, the pressure has to be increased by approximately 200bar. There-
fore, in most cases, water �ow can be considered as incompres sible. This is also applicable to
most other liquid �ow systems.
If the change of volume is small, the assumption can be made, that the temperature of gases is
constant. Thus, pV = constand (the law of Boyle-Mariotte) is applied. This is also described
as:
(p0 + Dp)(V0 + DV) = p0V0 or p0DV + DpV0 + DpDV = 0.
If Dp and DV are small, then the product DpDV can be neglected:

DV
V0

� �
Dp
p0

(1.21)

Hence, the E-Modulus of gas equals the starting pressure of the gas p0. Therefore, air at
atmospheric pressure (� 100000N/m2) is 20000 times more compressible than water.
The Mach numberMa = v=a gives an estimation of whether or not the effect of compressibil-
ity can be neglected. v is in this case the �ow velocity of the �uid and a the sound velocity.
Flows with a Mach number smaller than Ma � 0:3, show in practical cases a behavior close to
incompressibility. (see Ch. 5.1).

1.4.10 Velocity of sound

The speed of sound propagation in a �uid is the propagation sp eed of small pressure surges
(sound wave). In order to derive the speed of sound it is necessary to look at the compressibility
effects (�ow-sensitive, pressure-sensitive density chan ges). The speed of sound is de�ned, as:

a2 =
cp

cv

�
¶p
¶r

�

T
(1.22)

For an ideal gas with Eq. (1.4), this results in:

a2
id:Gas=

cp

cv
RT ; (1.23)
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where T is the absolute temperature in unit K.
For example air at 20 � C: aair =

p
(1005=718) � 287J/(kg K) � 293:15K = 343m/s

In water, the sound of speed can be calculated with,

a2
w =

Ew

r w
(1.24)

This is easily derived with the Eq. (1.20). Because of mass continuity:
(V0 + DV)(r 0 + Dr) = V0r 0 or V0Dr + DVr 0 + DVDr = 0
The product DVDr can be again neglected, if DV and Dr are small:

DV
V0

� �
Dr
r 0

(1.25)

Apply Eq. (1.20) and transform it:
dp
dr

=
Dp
Dr

=
E
r 0

(1.26)

Thus with applying Eq. (1.22) it results in Eq. (1.24).

1.5 Potential and kinetic energy

The stored (available) energy within a �uid mechanics syste m consists of mechanical and ther-
modynamic parts. Heat and work transform both parts into the other part. The mechanical
energy consists of potential energy and kinetic energy (velocity energy). Potential energycor-
responds to work, which is necessary to move a mass m against the gravity �eld gf. Because
g only has a vertical component (z-direction) and z should always point up, the potential energy
can be expressed as:

Epot = mgz (1.27)

The kinetic energycorresponds to work done by the inertial forces. In other words it is the work,
which is necessary to accelerate a mass from a resting state to the velocity v.

Ekin =
1
2

mv2 (1.28)

It is possible to write the whole energy of a system subjected m:

E = m(û+
1
2

v2 + gz) (1.29)

While Epot and Ekin are the kinematic properties of the system, mû is a function of pressure and
temperature regarding every considered substance.

1.6 Methods to describe �ow

Every �ow obeys the three conservation fundamentals of mech anics:

� Mass conservation (continuity constraint)
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� Momentum conservation (Newton's 2nd law)

� Energy conservation (1st law of thermodynamics)

To describe the �ow furthermore, thermodynamic equations o f state (Ch. 1.4) and boundary
conditions have to be considered.
The methods, which are available to describe and analyze the �ow, can be subdivided into three
basic concepts:

� Integral approach of a control volume (control room).
This method is used in Ch. 4 for the derivation of conservation equations. A control volume
is a limited area with open borders, where mass, momentum and energy can �ow through
it. Thus it must be possible to draw a balance between incoming, outgoing �ows and the
variations within the control volume. If the details of the � ow within the control volume are
of no interests and therefore an integral result is enough, this approach is suggested.

� Differential approach on a �uid element (in�nitesimal syst em).
In order to receive the differential equations of the �uid �o w, as is done in Ch. 5, the
conservation equations have to be derived at an in�nitesima l �uid element. To apply this
on a de�ned problem, the differential equations have to be ma thematically integrated un-
der consideration of the respective boundary condition. It is dif�cult to receive accurate
analytical solutions, this is only the case for simple geometries and boundary conditions.
Therefore numerical methods are used, in general, to obtain a solution by approximation
with the help of computers.

� Experimental analysis (dimension analysis).
In many cases a well thought-out experiment is used to examine a speci�c �ow problem.
Especially in those cases, when a mathematical numerical description is not possible,
neither integral nor differential. For example, when there is no model theory existing for
the de�ned problem or a numerical approach because of its com plex geometries is not
workable or is too costly then an experimental analysis may be necessary. Dimension
analysis is not a subject of this course Hydromechanics.
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1.7 Summary

� In Hydromechanics, �uids are treated as continua.

� The primary dimensions are mass, length, time and temperature.
All other dimensions can be derived from these four.

� One can differentiate between the Eulerian (control volume) and the Lagrangian (move-
ment of single particles) points of view.

� Among the properties which are important to the description of a �uid are pressure, tem-
perature, density and viscosity. Density and viscosity are described with the help of con-
stitutive equations.
In addition, the Reynolds number is an important dimensionless value in the characteriza-
tion of �ows.

� If the �uid pressure falls to the vapor pressure, cavitation may occur.

� Typically, water is treated as an incompressible �uid; in ga s �ows, the approach is depen-
dent on the Mach Number.

� There are three energy forms: internal, kinetic and potential energy.

� The following conservation equations play an important role:

– Conservation of mass
(continuity constraint)

– Conservation of momentum
(Newton 2nd law)

– Conservation of energy
(1st law of thermodynamics)
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1.8 Exercises

1. In hydrodynamics, the dynamic (or kinematic) viscosity of water is de�ned as ...

a) the magnitude of the temperature-dependent expansion of the volume.

b) the resistance against sliding deformation.

c) the loss coef�cient due to internal friction.

d) the loss coef�cient due to external friction.

e) the magnitude of a change in volume brought about by a pressure gradient.

f) none of the above.

2. In Hydromechanics, the density of water is generally taken to be constant (incompress-
ible). Setting that aside, on what parameters does the density depend?

a) momentum

b) �ow velocity

c) change in pressure

d) temperature

e) none of the above

3. The Reynolds number describes the relationship between ...

a) velocity to distance.

b) inertial forces to viscous forces.

c) gravitational force to the weight.

d) friction energy to distance.

e) inertial forces to the gravitational force.

f) none of the above.

4. On which of the following parameters does the vapor pressure of water depend:

a) velocity of the water

b) density

c) temperature

d) viscosity

e) none of the above
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5. The only dimensionless group which unites the velocity v, size L, �uid density r , and
surface tension s :

a) L r s =V

b) r V L2=s

c) r s V2=L

d) s L V2=r

e) r L V2=s

6. A shepherd observes how much his black sheep, Frida, eats in one day. His observations
would be consistent with ...

a) a Eulerian approach .

b) a Lagrangian approach.

c) none of the above.

7. The farmer, across whose meadow the sheep are being driven, calculates the amount of
grass eaten by the entire �ock of sheep. His calculations wou ld be consistent with ...

a) a Eulerian approach.

b) a Lagrangian approach.

c) none of the above.

8. The energy stored in a �uid dynamics system depends on:

a) the volume of the �uid.

b) the mass of the �uid

c) the density of the �uid.

d) the velocity of the �uid.

e) the position of the �uid.



Chapter 2

Fluids at rest and in rigid-body motion

Fluids, at rest or in rigid-body motion do not experience shear stresses. There are no viscous
forces and the pressure distribution can be determined quite easily.

2.1 Pressure, pressure force, pressure gradient

The pressure p in a �uid is a scalar and is therefore independent of directio n. In the following
section, this will be illustrated by considering the equilibrium of a small wedge of �uid at rest (Fig.
2.1). When a pressure force acts on a surface, the direction of its action is always perpendicular
the surface.

y

px

dy

ds

x

dz

dx pz

pn

z

a

Figure 2.1: Equilibrium of a small wedge of �uid at rest after[?]

The sum of the forces must equal zero in any direction. This yields for x and z:
å Fx = pxdydz� pndydssina = 0 and
å Fz = pzdydx� pndydscosa � 1

2r gdxdydz= 0
It is also true that: dz= dssina and dx= dscosa. Then,
px = pn and pz = pn + 1

2r gdz
It is obvious that the pressure does not change in the horizontal direction; in the vertical direction,
pressure changes linearly with density, depth and gravity.

16
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If we let the wedge from Fig. 2.1 shrink to a point, dz! 0, it becomes px = pn = pz.

¶p
¶x

¶p
¶z

g dx dy dzr

dy

dx

p dx dy

(p+      dx) dy dz

(p+      dz) dx dy

p dx dz

¶p
¶y

(p+      dy) dx dz

dz

p dy dz

x

y

z

Figure 2.2: Forces on an element due to pressure variation inspatial directions

Newton's 2nd Lawstates that the change of momentum is proportional to the force acting on a
body. The momentum change occurs in the same direction in which the force acts. This can be
formulated as a basic law of mechanics in the following form:

å F = ma (2.1)

where F is the vector of the force, m the mass and a the vector of acceleration.
Fig. 2.2 illustrates the pressure forces acting on a �uid ele ment with dimensions dx, dy, dz. The
z-axis of coordinate system has the same direction as the gravitational force. Thus, jgj = gz = g,
where the value 9.81 m/s2 can be used for g with suf�cient accuracy in the majority of cases.
The resulting force components in the coordinate directions (see Fig. 2.2) are then

å Fx = pdydz�
�

p+
¶p
¶x

dx
�

dydz= �
¶p
¶x

dxdydz (2.2)

å Fy = pdxdz�
�

p+
¶p
¶y

dy
�

dxdz= �
¶p
¶y

dxdydz (2.3)

å Fz = pdxdy�
�

p+
¶p
¶z

dz
�

dxdy� r gdxdydz= �
¶p
¶z

dxdydz� r gdxdydz

(2.4)

or in vector notation

å F = Ñp dxdydz� r gdxdydz (2.5)

If a �uid element is at hydrostatic rest or in uniform motion, then its acceleration is zero and with
Eq. (2.1) we have

å F = 0 (2.6)
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This means that there are no pressure gradients in the x- or y-directions, whereas a pressure
gradient exists in the z-direction due to gravity:

¶p
¶x

=
¶p
¶y

= 0 (2.7)

¶p
¶z

= � r g (2.8)

Summary: The pressure in a �uid under hydrostatic conditions changes only in the vertical di-
rection (z). The pressure is constant in any horizontal plane and increases with depth.

2.2 Hydrostatic pressure distribution

In order to obtain an expression for the hydrostatic pressure distribution over the depth, it is
necessary to integrate Eq. (2.8).

p2 � p1 = �

2Z

1

r g dz (2.9)

2.2.1 Hydrostatic pressure distribution in liquids

With the assumption that the �uid is incompressible (( r = const), the integration of Eq. (2.9)
yields:

p2 � p1 = � r g(z2 � z1) or z1 � z2 =
p2

r g
�

p1

r g
(2.10)

p
r g is referred to as the pressure head. The piezometric headh is de�ned as the sum of the
altitude z and the pressure head:

h =
p

r g
+ z (2.11)

The piezometric height of a �uid at rest is constant over the d epth; with increasing depth, the
altitude obviously decreases while the pressure head increases.
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Figure 2.3: Hydrostatic pressure distribution and atmospheric pressure
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The general solution of the differential equation (2.8) is:

p = � r gz+ C (2.12)

To obtain the constant of integration C we must consider the appropriate boundary conditions.
In Fig. 2.3 atmospheric pressure acts on the free surface at (z = h). Thus, with the boundary
condition p(h) = patm, the integration constant becomes C = patm+ r gh, and we have:

p = pabs= patm+ r g(h� z) (2.13)

In this case, p represents the absolute pressure pabs. If only the (hydrostatic) overpressure
relative to the atmospheric pressure (gauge pressure) is considered, then we have p(h) = 0 and

p = pabs� patm = r g(h� z) (2.14)

The hydrostatic pressure equals the weight per unit width of the water column above the point of
interest.

2.2.2 Hydrostatic pressure distribution in gases

When integrating Eq. (2.8) the compressibility of gases must be taken into account. The density
of a compressible gas r is not equal to a constant and cannot be pulled out in front of the integral
in the way it could with a constant. By using Eq. (1.4) Eq. (2.8) becomes

dp
dz

= �
p

RT
g (2.15)

and (under isothermic conditions) the integration yields the general solution

p = exp[�
gz
RT

+ C] : (2.16)

A boundary condition is now required in order to determine the constant of integration.
Example:

p(z0) = p0 ! C = ln p0 +
gz0

RT
(2.17)

Then

p(z) = p0 exp[
g(z0 � z)

RT
] (2.18)

For z= 0 and T = 293K let p0 = 1� 105 Pa. In an altitude of 500 m this would give the pressure

p(500) = 1� 105 � exp[9:81�(0� 500)
287�293 ] = 94334Pa.

Remark: The assumption of a constant temperature is only a rough approximation. Atmospheric
temperature decreases by roughly 0:0065K per meter increase in altitude.

2.3 Hydrostatic pressure forces

The pressure force applied to a surface by a �uid is

F =
Z

p dA; (2.19)

The pressure p can be variously de�ned. An example can be found in Eq. (2.12) where the
assumption that the liquid is incompressible is applied.
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2.3.1 Plane surfaces

center of
gravity

a

dA = dx dy

x

y

atmp

F

center
of pressure

x

h(x,y)

Figure 2.4: Hydrostatic pressure force on a plane surface (cf. [?])

The situation which is depicted in Fig. 2.4 shows a plane surface inclined at an angle a below
the free water surface. The resultant pressure force on one side of the plane is

F = patmA+
Z

r gh dA= patmA+ r gsina
Z

x dA (2.20)

According to the de�nition of the center of gravity, the cent roidal slant distance xcg from the
surface to the plate can be expressed by

xcg =
1
A

Z
x dA (2.21)

thus, we have
F = patmA+ r gsinaxcgA (2.22)

Because xcg sina = hcg we can write

F = patmA+ r ghcgA = ( patm+ r ghcg)A = pcgA (2.23)

The resultant force on one side of the plate is then equal to the pressure at the center of gravity
multiplied with the surface area. The shape of the area and the angle of inclination do not affect
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this.

As shown in Fig. 2.4, the line of action of the resultant force F does not pass through the center
of gravity. Instead, it passes through the center of pressure which is located below the center of
gravity. To �nd the position of the center of pressure, we mak e use of the fact that the moment
of the resultant force F and the moment of the force pdAmust be equal.
Computation of the y-coordinate of the center of pressure ycp:

F � ycp =
Z

yp dA=
Z

y(patm+ r gx sina) dA=
Z

ypatm dA
| {z }

= 0 (per def.)

+ r g sina
Z

yx dA (2.24)

It is valid that x = xcg � y. Inserting this into Eq. (2.24) we get

F � ycp = r g sina
Z �

yxcg � y2�
dA= r g sina

�
xcg

Z
y dA�

Z
y2 dA

�
(2.25)

R
y dA is equal to zero (by de�nition) and

R
y2 dA is equal to the area moment of inertia Ixx. This

yields

F � ycp = � r g sina Ixx (2.26)

ycp = �
r g sina Ixx

F
= �

r g sina Ixx

(patm+ r ghcg) A
(2.27)

The computation of xcp is analogous:

F � xcp =
Z

xp dA= ::: = r g sina
Z

(xxcg � xy) dA= ::: = � r g sina Ixy (2.28)

With that one obtains

xcp = �
r g sina Ixy

F
= �

r g sina Ixy

(patm+ r ghcg) A
(2.29)

For most practically relevant applications, the atmospheric pressure acts on both sides of a
plane surface. Thus, we need not take patm into consideration. The elimination of atmospheric
pressure results in the following simpli�ed relationships :

F = r ghcgA ycp = �
sina Ixx

hcgA
xcp = �

sina Ixy

hcgA
(2.30)

Horizontal and vertical components:
The pressure always acts on a submerged surface in the direction perpendicular to the surface.
In many cases, however, it may be advantageous to decompose the pressure into its horizontal
and vertical components as sketched in Fig. 2.5.
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H
F =    g h    A sincgr                   a

V
F =    g h     A cosr                    acg

p
1

p
2

r 1p =    g h
1

p =    g hr 22

p =    g h
1

r 1

F =    g h    Ar cg

p =    g hr 22
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h

Figure 2.5: Horizontal and vertical components of the pressure force
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Figure 2.6: Hydrostatic pressure on a curved surface

2.3.2 Curved surfaces

The resultant pressure force on a curved surface is easily obtained by separating the force into
its horizontal and vertical components (Fig. 2.6).
The horizontal and vertical components of the resultant force (FH and FV ) are obtained by inte-
gration as shown in the next two equations: :

FH =

h2Z

h1

r gbh dh=
1
2

r gb(h2
2 � h2

1) (2.31)

FV =

x2Z

x1

r gbh dx= r gb

x2Z

x1

h dx (2.32)

In this case, b is the width of the curved surface perpendicular to the page.

The horizontal component of a pressure force on a curved surface is equal to the force applied
to the vertical projection of the surface, i.e. the surface that would be obtained by projection of
the curved surface onto a vertical plane perpendicular to the horizontal plane of interest.

The integral
x2R

x1

h dx represents the area between the water surface and the submerged wall. It

follows that the resultant vertical pressure force equals the weight of the water column above the
submerged curved surface.
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2.3.3 Layered �uids

The equations for the pressure and the piezometric head derived in the previous sections are
only valid for �uids with constant densities. When multiple �uids with different densities, water
and oil for example, are layered one on top of the other, (Fig. 2.7) one must account for the
density difference(s) by changing the slope of the linear pressure increase.

r
o

h o

h w

r
w

water

oil

p =    g (h  - z  )r
o

0

2

1
1

2

z1

o

r
w

1

r
w1

p = p +      g z  =     g h w1

Figure 2.7: Pressure distribution in a container �lled withoil and water

The pressure at the interface between oil and water is the same in both �uids (( p1 = r og(h0 �
z1)), but one must distinguish between the the piezometric heights in the two �uids which are
different

h1;o =
p1

r og
and h1;w =

p1

r wg
(2.33)

2.3.4 Buoyancy

The law of buoyancy by Archimedes:
A body immersed into a �uid experiences a vertical buoyant fo rce which is equal to the weight of
the �uid displaced by the body.
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Figure 2.8: Buoyancy: integration of the vertical pressure force
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The law of Archimedes can be easily understood by looking at Fig. 2.8. The buoyant force FA is
obtained by integrating the pressure force that acts in the vertical direction:

FA =
Z

G

(p2 � p1) dAH = � r g
Z

(z2 � z1) dAH = r gV (2.34)

Here Grepresents the surface of the immersed body, V is its volume.
The line of action of FA passes through the center of gravity of the displaced �uid ( Sv) which is
generally different from that of the immersed body. The exception are cases where the body is
fully submerged and its density is homogenous and evenly distributed. The line of action of the
buoyant force is vertical.

A �oating body displaces some of the �uid in which it �oats suc h that the amount of �uid dis-
placed has the same weight as the �oating body itself (see Fig . 2.9). In other words, the depth
to which the body is immersed is such that the volume of the displaced �uid has the same mass
as the �oating body:

FA = r g (displaced �uid volume) = (weight of the �oating body) (2.35)

v

G

A

A

t

(verdrängtes Volumen) r
fluid

g = G

S

S

F

F   =

G

Figure 2.9: Hydrostatic equilibrium of a �oating body

The in�uence of the air is neglected here. This is appropriat e because the densities of liquids
being considered are signi�cantly higher than that of air. T here are important technical applica-
tions, however, where the buoyant forces in gases dominate. For example, a hot-air balloon �ies
due to the buoyant force applied to it by the surrounding air.

2.3.5 Floating and stability

The position in which a body is �oating can be statically stab le, unstable, or indifferent. A �oating
body is unstable if the body overturns and reaches a new equilibrium position after experiencing
a small disturbance. On the other hand, if such a disturbance does not lead to overturning,
the body is stable. The restoring moment activated by the disturbance dominates the system
causing the body to return to its original position.
Fig. 2.10 shows two �oating bodies. The gravity forces G of the bodies pass through their
centers of gravity SG. The buoyant force FA acts through the center of gravity of the displaced
liquid Sv. The line of symmetry is in vertical direction. If a small disturbance Da is applied, the
positions of SG and Sv change. The forces G and FA produce a moment. In case (a), this moment
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Figure 2.10: Determining the equilibrium of a �oating body which is disturbed in its position
at rest

causes a further disturbance and a subsequent overturning of the body which comes to rest in
a new equilibrium position. Case (b) shows a restoring moment which restores the disturbance
Da such that the body comes to rest in its original position. The metacentric height hm can be
used to determine whether a �oating position is stable or uns table. It is de�ned as the distance
between the body's center of gravity SG and the metacenter M. M is the point of intersection of
the line of action of the buoyancy with the line of symmetry.
When

� hm > 0, the �oating position is stable (example: case (b) in Fig. 2. 10).

� hm < 0, the �oating position is unstable (example: case (a) in Fig. 2.10).

� hm = 0, the �oating position is indifferent.

The metacentric height hm is obtained from the condition

hm =
Iyy

V
� e (2.36)

where Iyy is the area moment of inertia, V represents the volume of the displaced liquid, and e
is the distance between SG and Sv.
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2.4 Uniform linear acceleration

When �uids experience uniform rigid-body acceleration, al l �uid particles are at rest relative to
each other. Accordingly, there are no viscous forces acting. Eq. (2.1) and (2.8) can be extended
analogously, and one obtains for the pressure gradient

Ñp = r (g� a) : (2.37)

The pressure gradient is oriented in the direction of the vector g� a. Lines of constant pressure
are perpendicular to direction of the gradient. It goes without saying that that a = 0a for a �uid
at rest. The inclination of the water table and of the isobars can be obtained from

tana =
ax

g+ az
(2.38)

where a is the angle between the water table and the horizontal.

p
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p
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p
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p
3

gg-a
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s

Figure 2.11: Water table inclined by the anglea in a uniformly accelerated container (a= const)

Such a situation is depicted in Fig. 2.11. The vectors g and a are described mathematically as
follows:

g =

0

@
0
0

� g

1

A a =

0

@
ax
0
0

1

A

The direction s=g� a is perpendicular to the (inclined) water table. The pressure gradient in this
direction is larger than in the case of a hydrostatic pressure distribution with a = 0:

dp
ds

= r
�
a2

x + ( g+ az)2� 1=2
(2.39)

2.5 Rigid-body rotation

Uniform rigid-body rotation is a further special case in which no viscous forces occur. A rotating
cylinder is shown in Fig. 2.12. The cylinder rotates with a constant angular velocity w about its
central vertical axis. The acceleration equals the centripetal acceleration

ar = � rw2 (2.40)
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Figure 2.12: Water table and pressure distribution in a cylinder in rigid-body rotation

Eq. (2.37) then becomes

Ñp =
�

¶p=¶r
¶p=¶z

�
= r (g� a) = r

�
rw2

� g

�
(2.41)

and one obtains two partial differential equations of �rst o rder

¶p
¶r

= r rw2 (2.42)

¶p
¶z

= � r g (2.43)

Now, we can �rst integrate Eq. (2.42). This yields

p =
1
2

r r2w2 + C1(z) : (2.44)

In this case, the constant of integration is not an actual constant, but rather a function of the
variable z.
C1(z) is obtained according to Eq. (2.43) applying the condition that

dC1

dz
= � r g : (2.45)

Integrating the equation and inserting it into Eq. (2.44) gives us

p = p0 � r gz+
1
2

r r2w2 : (2.46)
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from which we can conclude that the water table is parabolic.
With the boundary condition p(z= 0;r = 0) = patm we get:

z=
r2w2

2g
(2.47)

If it is assumed that no liquid is lost, the water table decreases in the center of the cylinder,
while it increases at the edges of the container. The vertical distance between the midpoint of
the paraboloid and the highest position of the water table at the edges equals exactly the twice
the distance between the midpoint and the original water table at rest (volume of the paraboloid:
(1=2)� base area � height).
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2.6 Summary

� The pressure p is a scalar variable, and has no orientation. At any given point, the pres-
sure is the same in all directions.

� A pressure force always acts in the direction perpendicular to the surface on which it acts.
It can be separated into vertical and horizontal components.

� Hydrostatic conditions: The pressure only changes in the vertical direction (the direction
in which gravity acts). In all points along a horizontal line the pressure has the same
magnitude. This can be expressed as follows:

p = r g h

� With layered �uids, the pressure is identical in both �uids a t the interface between the two
�uids.

� The �uid pressure force acting on a surface is described by th e relationship

F =
Z

p dA

� The resulting pressure force on a submerged surface is equal to the pressure at the cen-
troid multiplied by the surface area.

� The buoyant force experienced by a submerged body is equal to the weight of the dis-
placed �uid.

� In uniformly accelerated �uids, the direction of the pressu re gradient is
(g� a). This equation also applies to rotating �uids.
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2.7 Exercises

1. A container 5 m high is �lled to the brim with water. How larg e is the hydrostatic water
pressure at the base of the side wall? (r Water = 1000 kg/m3 , g = 10 m/s2)?

a) 50000 N/m2

b) 5000 N/m2

c) 500 N/m2

2. How large is the horizontal pressure force per running meter along the side wall of the
container in Problem 1?

a) 500 kN/m

b) 250 kN/m

c) 125 kN/m

d) 166.7 kN/m

3. The buoyant force acting on a submerged body is equal to ...

a) ... the volume of the entire body.

b) ... the volume of the portion of the body which is submerged.

c) ... the resultant horizontal water pressure load.

d) ... the weight of the entire body.

e) ... the weight of the portion of the body which is submerged.

f) ... the vertically projection of the submerged portion of the body.

g) ... the weight of the displaced water.

4. Which condition is required to apply the Archimedes' Principle?

a) The body must be symmetrically shaped.

b) The body must be at least half submerged in the medium.

c) No (air) overpressure may be present.

d) The body must be homogeneous.

e) The surrounding medium must be water.

f) None of the above.

5. Under hydrostatic conditions ...

a) ... the pressure in the x-direction increases.

b) ... the pressure in the y-direction increases.

c) ... the pressure in the z-direction increases.

d) ... the pressure does not increase in any direction.
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6. In layered �uids ( r 1 (above) � r 2 (below)) the pressure at the interface between the �uids
is ...

a) ... the same magnitude as in Fluid 1.

b) ... the same magnitude as in Fluid 2.

c) none of the above.

7. If the center of gravity of a �oating body returns to its ini tial position after being disturbed,
its �oating position is described ...?

a) homogeneous

b) indifferent

c) steady state

d) instable

e) heterogeneous

f) stable

g) transient

8. A �uid in a container is accelerated constantly in one dire ction (that is, upward) by a rocket
launch. The pressure gradient is oriented ...

a) ... upwards.

b) ... downwards.

c) ... parallel to the surface of the �uid.

d) ... upwards or downwards; it depends on the acceleration of the rocket.



Chapter 3

Kinematics of spatial �ows

3.1 Terms and de�nitions

When considering �uid mechanical processes, relative disp lacements of individual mass parti-
cles may occur over time because the components of the mass do not hold together as they
do in solid bodies. In order to describe �owing �uids correct ly, terms, explained in the following
section, will �rst be introduced.

3.1.1 Pathline

The route traveled by a �uid particle over a given period of ti me is called a pathline (see Fig.
3.1). In the time interval dt the length

ds= r(t + dt) � r (t)

is covered along the pathline. Here, r describes the position vector of the particle and s is the
coordinate following the pathline. The resulting velocity of the �uid particle is then

ds
dt

= v (3.1)

The local velocity vector v of a particle, located at a given instant at a given point in space, is
tangent to the pathline of the particle. Because the fate of a single particle is being considered, a
pathline is the product of the Lagrangian description (Chapter 1.3). There are methods by which
pathlines can be made visible. For example, dye can be injected into the �owing medium.

3.1.2 Streamline

Streamlines are those lines, which have the same direction as the local velocity at every point
of the �ow domain. This means that the velocity vectors are ta ngent to the streamlines at every
point in the �ow �eld at a given instant. Streamlines can be us ed to illustrate the velocity �eld
(see Fig. 3.2).
The following properties can be assigned to streamlines:

32
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Figure 3.1: Pathline: route of a particle in the s-t-plane

� Streamlines never intersect (unlike pathlines). If they could, then two different velocities
with different directions would occur at the intersection.

� In the interior of the �ow �eld streamlines never bend sharpl y. Were such a bend to
occur, the acceleration at that point would have to be inde�n itely large. Branching or sharp
bends can appear at stagnation points at the boundary of the � ow �eld, however, here, the
velocity is always equal to zero.

� Narrowing streamlines indicate an acceleration of the �ow.

� Spreading streamlines indicate a deceleration of the �ow.

� Aggregating streamlines indicate an acceleration of the �o w.

Streamlines result from the Eulerian description (Chapter 1.3): No single �uid particle is ob-
served, rather the velocity at a given point in space at every time t is determined.

3.1.3 Streakline

A streakline gives a snapshot of all �uid particles which hav e passed through a prescribed point
in space. Example: a smoke plume from a smokestack (Figure 3.3).

3.1.4 Streamtube

All streamlines which pass through a closed, stationary area, form together a streamtube (Figure
3.4). The mean velocity over the cross-section of the streamtube is called the ”�ow velocity” of
the tube.
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Figure 3.2: Velocity �eld (left) and corresponding streamlines (right) for the timet = t0 = const.

Figure 3.3: Smokestack as an example for a streakline

3.1.5 Types of �ow

The following distinctions can be made between the different �ow types:

� steady state �ow: The velocities inside the �ow �eld under consideration are c onstant over
time:

¶v
¶t

= 0: (3.2)

In steady state �ow, pathlines, streaklines and streamline s are identical and do not change
over time.
Example: A �sherman sits on a riverbank. The whole time he is sitting th ere, the river
�ows by with a constant velocity.

� transient �ow: The �ow �eld is a function of time:

¶v
¶t

6= 0: (3.3)
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Figure 3.4: Streamtube

Example: A �sherman sits on a riverbank, downstream of the outlet of a w ater power
plant. In the morning, the water of the river �ows by the man wi th the velocity v1, in the
afternoon the power plant opens its gates and feeds water into the river. Now, the velocity
of the water, v2, is larger than in the morning.

� uniform �ow: The velocity of the �ow �eld is the same at every point along a s treamline:

¶v
¶s

= 0; (3.4)

where s is the coordinate in a 1-dimensional space.
Example: The �sherman has two �shing rods in the water, placed at a dist ance of 200
m from each other. Both �oating markers experience the same a pproach velocity of the
water.

� non-uniform �ow: The velocity inside the �ow �eld varies in space (along a stre amline):

¶v
¶s

6= 0: (3.5)

Example: Now the �sherman moved one of his �shing rods by 100 m so that it is now
placed in the rapids (it is easier to catch trout here). The approach velocity of the water for
the two �oating markers now differs.

Whether a �ow is steady state or transient can depend on the ch osen coordinate system. In Fig.
3.5 a cylinder is moved from right to left with the constant velocity v through a �uid in rest.

� If we put the coordinate system with its origin on the body, the �ow appears steady state
(see the left picture).

� A coordinate system �xed in space, however, lets the �ow appe ar to be transient , as the
�ow �eld changes depending on the cylinder (see the picture o n the right).

v is positive if the velocity is directed in direction of the s-coordinate.
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Figure 3.5: A cylinder is moved with a constant velocity through a �uid in rest

3.2 Velocity and acceleration

It has already been stated that, generally speaking, the velocity v is a function of the space-
coordinate s and time t:

v = v(s;t): (3.6)

In the case of a x-y-z-coordinate system the velocity v is a vector. In the case of the Eulerian
approach, where the velocity refers in space to the (one-dimensional) coordinate s which runs
along a streamline, the velocity is considered as a scalar v.
The basic equations of �uid mechanics can be derived from the momentum equation (Newtonian
law):

d(mv)
dt

= F (3.7)

with mv : momentum
F : force, which acts on mass m

When mass is independent of time, the equation above results in the well-known relationship

m
dv
dt

= ma = F (3.8)

in which the acceleration a = dv
dt as well as the velocity v must be considered as kinematic

variables.
In the following, we will look at the example of the quasi-one-dimensional approach along a
streamline in s-t-coordinates (velocity v, acceleration a).
If we think about the velocity v(s;t) as a surface across the s-t-plane, we can directly see the
change in v when moving from a point (s;t) to a point (s+ ds;t + dt) (see Fig. 3.6). If we look at
all the changes, we obtain for the total change of the velocity dv:

dv = ( tana)ds+ ( tanb)ds (3.9)

=
¶v
¶s

ds+
¶v
¶t

dt

If we now divide the total change of velocity dv along the streamline by dt (and thus calculate
the total differential) we obtain the substantialacceleration. It is also called total acceleration or
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Figure 3.6: Change in velocity in space and time

overall acceleration. It is the sum of the convective and local acceleration:

a =
dv
dt

=
¶v
¶s

�
ds
dt

+
¶v
¶t

=
¶v
¶s

� v
| {z }

convective acc.

+
¶v
¶t|{z}

local acc.

(3.10)

The convective acceleration v� ¶v
¶s describes the change in the velocity from point to point at a

speci�c time.
The local acceleration ¶v

¶t describes the change over time of the velocity at a given point in space
on the streamline.

For a Cartesian coordinate system (x;y;z) the total acceleration is given by

a =
dv
dt

=
¶v
¶t|{z}

local

+
�

u
¶v
¶x

+ v
¶v
¶y

+ w
¶v
¶z

�

| {z }
convec. acc.

=
¶v
¶t

+ ( v � Ñ)v : (3.11)

Here, we use the velocity vector

v =

0

@
u
v
w

1

A

and in short notation

u
¶
¶x

+ v
¶
¶y

+ w
¶
¶z

= v � Ñ :

3.3 Translation, rotation, deformation

The forces which act on the �uid bring about changes, e.g. in s hape or location, for every single
�uid particle. With the help of an imaginary square-shaped � uid particle in a 2-dimensional space
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we can observe the behavior of the particle for different �ow states.

3.3.1 Translation

If the �uid particle ABCD is translated (Figure 3.7), it move s in the �ow �eld. It changes its
position in the direction of the velocity vector without changing its shape and without rotating.

D' C'

A' B'

x

y

BA

D C

v dt

v dt

x

y
vvdt

Figure 3.7: Translation

The displacement velocity vv of the �uid particle is shown with the help of point B in Figure 3.7.
It can be calculated by

jvvj �
q

v2
x + v2

y (3.12)

3.3.2 Rotation

If a �uid particle is revolving around a given axis, this moti on is called rotation. An example is
given in Figure 3.8, where the �uid particle revolves around its center. It is important to note that
rotation does not cause a change in the shape of the �uid parti cle.

dx
2

dtyv¶
¶x

dy
2

dtxv¶
¶y - 

x

y

dy

dx

Figure 3.8: Rotation
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The rotation angle velocity wz around the z-axis is obtained by

wz =
1
2

�
¶vy

¶x
�

¶vx

¶y

�
(3.13)

The vector of the rotation angle velocity (rotation vector) of a �ow �eld is given by

w = iwx + jwy + kwz �
1
2

rot v; (3.14)

where

rot v � Ñ � v =

�
�
�
�
�
�

i j k
¶
¶x

¶
¶y

¶
¶z

vx vy vz

�
�
�
�
�
�

: (3.15)

The single components of the vector w are

wx �
1
2

�
¶vz

¶y
�

¶vy

¶z

�
wy �

1
2

�
¶vx

¶z
�

¶vz

¶x

�
wz �

1
2

�
¶vy

¶x
�

¶vx

¶y

�
: (3.16)

There is no rotation when

rot v = 0 , wx = wy = wz = 0:

3.3.3 Deformation

We speak of a deformation when the shape of a �uid particle is c hanged. The position and
volume of the particle, however, stay the same during deformation.
One can distinguish between an angle deformation and a linear deformation (see Figures 3.9
and 3.10).

x

y

dx
2

dtyv¶
¶x

dy
2

dtxv¶
¶y

x

y

Figure 3.9: Angle deformation

The velocity q of the angle deformation is calculated by

q =
¶vy

¶x
+

¶vx

¶y
(3.17)
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Figure 3.10: Linear deformation

Where the deformation is linear, the velocity e of the change of the area is calculated according
to the following equation:

e=
¶vx

¶x
+

¶vy

¶y
(3.18)

When the �owing �uid is incompressible, emust be equal to zero due to the continuity equation.

3.3.4 Motion of a �uid particle

The motion of a �uid particle results from the superposition of translation, rotation and defor-
mation. As long as the �uid in question is incompressible, th ese operations are suf�cient do
describe the �ow process. When the �uid is compressible, vol ume changes must also be taken
into account.
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3.4 Exercises

1. Which of the following statements is / are true?

a) One observes a streamline using the Eulerian approach.

b) One observes a pathline using the Eulerian approach.

c) The velocity is only de�ned in the Eulerian approach.

d) The velocity is only de�ned in the Lagrangian approach.

e) Pathlines may not cross.

f) Streamlines may not cross.

2. Match each of the two pictures with the appropriate expression:

v

t

Figure 3.11: Case 1

v

s

Figure 3.12: Case 2

a) steady state

b) transient

c) heterogeneous

d) homogeneous

3. The total acceleration dv=dt is composed of ...

a) ... local acceleration plus substantial acceleration.

b) ... local acceleration minus substantial acceleration.

c) ... convective acceleration plus substantial acceleration.

d) ... convective acceleration minus substantial acceleration.

e) ... convective acceleration plus local acceleration.

f) ... convective acceleration minus local acceleration.



Chapter 4

Conservation equations for a control
volume

The observation of �ow processes within a de�ned control vol ume enables a relatively simple
mathematical description of a problem. A control volume may be selected in one of several
different ways.
The principle is depicted in Figure 4.1. Water �ows into the c ontainer shown on the left through
two pipes, and �ows out through only one pipe. In this case, th e container is the control volume.
Application of this control volume can be used to answer questions such as how the water level
in the container changes dependent on the �ow rate in the pipe s. The pipes themselves are
called ”control cross-sections”, as a change in the control volume can be induced only through
in�ow or out�ow across these cross-sections. In the illustr ation on the right, the control volume
travels along with the moving, swimming duck. In this case it is only reasonable that the velocity
of the control volume and of the duck are the same.
The investigation of a control volume involves the calculation of an integral balance between �uid
in-�ow and out-�ow. The balance can be carried out without de tailed knowledge of the �ow at
arbitrary points in space (x;y;z). Although the results obtained from the balance calculation are
relatively rough, they are still suf�ciently exact for many engineering applications. In Chapter 5
we will discuss how differential methods may be used to describe the behavior of an in�nitesi-
mally small �uid particle.

v1

v2
v3

control volume

v

v

control volume

Figure 4.1: Control volumes; stationary (left) and moving (right).

42



CHAPTER 4. CONSERVATION EQUATIONS FOR A CONTROL VOLUME
Dept. of Hydromechanics & Modeling of Hydrosystems, Inst. of Hydraulic Engineering, Univ. Stuttgart 43

To begin this chapter, we would like to �rst de�ne the terms volume �uxand mass �ux.

dA

n v

A

Figure 4.2: Volume �ux of a �uid across an areaA

A �uid �ows across the area A into a control volume, shown in Figure 4.2, with the velocity v. n
is the normal vector of the area A. As a matter of convention, the normal vector is de�ned as
the unit vector pointing outwards. In general, the velocity across the area A is not constant and
is not in direction of the normal vector. The volume �ux Q (unit m3/s) is then described by

Q =
Z

A

(v � n) dA: (4.1)

Because n points outwards, using the sign of (v � n) one can determine, whether an out�ow
(positive) or an in�ow (negative) is present. In order to obt ain the mass �ux �m the volume �ux
must be multiplied with the density. If the density varies, then r must be drawn inside the integral
in Eq. (4.1). Otherwise we get

�m= r Q : (4.2)

4.1 Reynolds transport theorem

If we let B be any arbitrary property of a �ow �eld (e.g. energy, momentu m) and b = dB=dm
be the corresponding mass dependent, intensive (that is, not depending on the size of the sys-
tem considered) value, we can describe the total amount of B in a control volume V using the
following equation

B =
Z

KV

br dV with b =
dB
dm

: (4.3)

Should we wish to consider the changes of the property B in V over time dt, the following
contributions have to be considered:

� The rate of change in B within the control volume.
Example: Let b be the speci�c internal energy û. An increase of the temperature within
the control volume causes an increase in b, or - in other words - the substances contain
more energy per unit mass.
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� Fluxes of B across the control surfaces into or out of the control volume.

As demonstrated at the start of this chapter, the net �ow acro ss the surface A of the control
volume is obtained by integrating the volume �ux multiplied with (br ) over the surface. We can
use this knowledge to formulate the Reynolds transport theoremas follows:

d
dt

B =
Z

KV

¶
¶t

(br ) dV +
Z

A

br (v � n) dA (4.4)

Eq. (4.4) is valid only for �xed control volumes with constan t volumes. In the more general case,
the control volume may move or deform. When the control volume is moving with the velocity
vKV and the �uid with the velocity v, the relative velocity vr of the control volume must be used
in Eq. (4.4), with

vr = v � vKV : (4.5)

d
dt

B =
Z

KV

¶
¶t

(br ) dV +
Z

A

br (vr � n) dA (4.6)

Please note that the operation performed in Eq. (4.5) is vector subtraction and that all velocities
must be regarded in the same coordinate system.
If the control volume is also permitted to deform, we get the universal (most general) formulation
of the Reynolds transport theorem. The volume integral in Eq. (4.4) and Eq. (4.6) must then
allow for the deformation of the volume elements dV with time. That is why the time derivative is
only applied after the integration is performed. We then get

d
dt

B =
d
dt

0

@
Z

KV

(br ) dV

1

A +
Z

A

br (vr � n) dA: (4.7)

Example: Fig. 4.3 shows how a balloon is �lled with gas through an inlet . We select the the

1

r
b(t)

R(t)v1

average density

Figure 4.3: Balloon, which is �lled with gas over section 1, isexpanding.

balloon itself as the control volume - by which it should be clear that the control volume is de-
formable. As the balloon expands, its radius may be described by R(t). We set B = m and
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therefore b = dm=dm= 1. Then, Eq. (4.7) becomes

�
dm
dt

�

system
=

d
dt

0

@
Z

balloon

r dV

1

A +
Z

A

r (vr � n) dA: (4.8)

The relative velocity at the expanding surface of the balloon is vr = 0 and at the inlet vr = v1.
(The complete surface is comprised of the surface of the balloon plus the area of the inlet.) The
surface integral is then reduced to the simple term � r 1A1v1. Let the mean gas density in the
balloon be r b. The mass of the gas inside the balloon can be calculated by multiplying r b with
the volume of the balloon. We then obtain

�
dm
dt

�

system
=

d
dt

�
r b

4
3

pR3
�

� r 1A1v1 (4.9)

According to the continuity condition (mass conservation within the system, to be discussed in
more detail in the next chapter) the change of the mass in the total system (balloon and the area
surrounding it) is equal to zero. With Eq. (4.9) we now get a relationship between the mass
in�ow through the inlet and the radius of the balloon.

4.2 Mass conservation

We will use the Reynolds transport theorem for a moving deformable control volume (Eq. (4.7))
as a starting point for our discussion of the mass conservation equation (also called the the mass
balance or continuity equation). The continuity condition means that the change of mass in the
whole system is equal to zero. This can be written as follows:

�
dm
dt

�

system
= 0 (4.10)

If we now set B = m and b = dm=dm= 1, just as in the balloon-example. This results in

�
dm
dt

�

system
= 0 =

d
dt

0

@
Z

KV

r dV

1

A +
Z

A

r (vr � n) dA: (4.11)

In a purely Eulerian description, we choose a �xed (no relati ve velocity) and non-deformable (no
change of volume over time) control volume, such that the mass balance (continuity) equation
is: Z

KV

¶r
¶t

dV +
Z

A

r (v � n) dA= 0 (4.12)

There are a series of cases for which Eq. (4.12) can be simpli� ed given special assumptions.

Steady state �ow:
If the �ow in a control volume is steady state, the time deriva tive is zero (¶r =¶t � 0). Then Eq.
(4.12) is simpli�ed to Z

A

r (v � n) dA= 0 : (4.13)
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In the steady state case, the �ux entering a control volume mu st be exactly balanced by the �ux
leaving the control volume. In other words: Everything that �ows in, must also �ow out.

1
v1

streamtube

2

v2A

A 2

1

Figure 4.4: Control volume: Streamtube with in�ow and out�owat cross-sections 1 and 2

Let the streamtube shown in Fig. 4.4 be our control volume. If we perform a mass balance for
this control volume with the help of Eq. (4.13) for steady state �ow, we get

r 1A1v1 = r 2A2v2 : (4.14)

The mass �uxes through the two cross-sections 1 and 2 must be t he same.

Incompressible �ow:
A further simpli�cation can be made when the �ow is incompres sible or nearly incompressible.
When the �ow is incompressible, the �uid density is constant and ¶r =¶t � 0 or is small enough
to be negligible. Furthermore, because the density is constant, r = can be drawn in front of the
surface integral in Eq. (4.12) and then be canceled out by division. The mass balance equation
for incompressible �ow is then given by:

Z

A

(v � n) dA= 0 (4.15)

If we apply this equation to the streamtube from Fig. 4.4, the result is that the volume �uxes at
both cross-sections must be equal.

A1v1 = A2v2 : (4.16)

Average velocity, average density:
For an idealized, one-dimensional case, such as the streamtube example, there is a unique
velocity at the control surface. A streamtube does have extensions in all three dimensions,
however, the �ow is idealized as one-dimensional, as it is co nstant for the whole cross-section. If,
however, a two-dimensional in�ow or out�ow section is consi dered (two-dimensional �ow �eld),
we have to integrate in order to calculate the volume �ux:

Q =
Z

A

(v � n) dA (4.17)

With the help of Eq. (4.17) the average velocity vm can be formulated as follows:

vm =
Q
A

=
1
A

Z

A

(v � n) dA (4.18)
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The average density for the cross-section can be calculated in the same way :

r m =
1
A

Z

A

r dA (4.19)

To compute the mass �ux, the product of density and velocity m ust be integrated. Although, the
(r mvm) is generally not equal to (r v)m, but the difference can be neglected in most practical
applications and will be accounted for using a correction factor, if need be.

4.3 Momentum balance

Newton's second law is given by Eq. (2.1). It can also be written as

å F = ma = m
dv
dt

=
d
dt

mv (4.20)

In order to apply the Reynolds transport theorem (Eq. (4.7)), we set B= mv and b= dB=dm= v.
For a moving, deformable control volume we then obtain:

d
dt

(mv)System = å F =
d
dt

0

@
Z

KV

vr r dV

1

A +
Z

A

vr r (vr � n) dA (4.21)

Some additional comments regarding for Eq. (4.21):

� vr is the velocity relative to an inertial (not accelerated) coordinate system. An expansion
for non-inertial coordinate systems is described in Appendix ??.

� å F is the sum of all forces acting on the control volume. The sum of the forces is com-
prised of surface forces acting on the �uid (e.g., hydrostat ic pressure forces) or on the
�uid's surroundings (e.g., bedding forces) and body forces acting on the mass within the
control volume (e.g., gravity).

� The whole equation is a vector equation. Breaking down the vector yields the following
equation for the x-direction:

å Fx =
d
dt

0

@
Z

KV

vxr dV

1

A +
Z

A

vxr (vr � n) dA (4.22)

When we use the preferred Eulerian approach with a control volume which is both stationary and
non-deformable, Eq. (4.21) can be simpli�ed to yield

å F =
Z

KV

¶(vr )
¶t

dV +
Z

A

vr (v � n) dA (4.23)
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One-dimensional momentum balance:
In a one-dimensional control section (e.g. streamtube in Fig. 4.4) v and r are constant across
the cross-section. For a transient case the sum of the forces in the x-direction is

å Fx =
Z

KV

¶(vxr )
¶t

dV +
�
r v2

xA
�

2 �
�
r v2

xA
�

1

=
Z

KV

¶(vxr )
¶t

dV + ( r Qvx)2 � (r Qvx)1 (4.24)

In the steady-state case, the time derivative is equal to zero and the volume integral is therefore
also zero. We then obtain the simple relationship (again for the x-direction):

å Fx =
�
r v2

xA
�

2 �
�
r v2

xA
�

1 = ( r Qvx)2 � (r Qvx)1 (4.25)

Correction factor for the momentum �ux:
The momentum �ux is generally not evenly distributed across a control section. Because the
equation for the computation of the momentum �ux is based on t he assumption of a uniform
momentum �ux, calculations using

Z

A

vr (v � n) dA= r v2A (4.26)

contain a small error which can be remedied using the correction factor b (The right-hand side
of the equation now appears as follows: br v2A). We calculate the value of b by setting the exact
integral equal to the momentum �ux calculated using the mean velocity:

r
Z

A

v2 dA= br v2
m (4.27)

! b =
1
A

Z

A

�
v

vm

� 2

dA (4.28)

The value of b for a given case depends on the velocity pro�le (see Fig. 4.5) .
Constant velocity distribution (ideal �uid, see p. 6):

u = U0 b = 1:0 (4.29)

Parabolic velocity pro�le (laminar �ow):

u = U0

�
1�

r2

R2

�
b =

4
3

(4.30)

Turbulent �ow:

u � U0

�
1�

r
R

� m
where

1
9

� m�
1
5

(4.31)

b =
(1+ m)2(2+ m)2

2(1+ 2m)(2+ 2m)
(4.32)

When the �ow is turbulent, as is the case for most practical ap plications, b lies between 1.01 and
1.04. Because the values are very close to 1, the correction factor is usually omitted for turbulent
�ows.
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b = 1.0
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(laminar)

b = 1.33 b = (1.01 ... 1.04)

v = constant v logarithmic
(turbulent)

x

r

r = R

U0

u(r)

a = 2.0a = 1.0 a = (1.04 ... 1.11)

(ideal)

Figure 4.5: Correction factorb anda (see p. 51) for different velocity pro�les in a circular tube

4.4 Conservation of energy

The Reynolds transport theorem can also be applied to the �rs t law of thermodynamics (conser-
vation of energy). We select energy as our �uid property and s et B = E. The energy per mass is
e= dE=dm. For a steady, non-deformable control volume (Euler approach) we get the following
equation:

�
�Q� �W

�
System =

�
dE
dt

�

System
=

Z

KV

¶(er )
¶t

dV +
Z

A

er (v � n) dA (4.33)

�Q represents the amount of energy introduced into the system per time. Correspondingly, �W is
the (mechanical) work performed by the system per time. Both values have a positive sign. In the
expressions, the shorthand notation for the time derivative, �Q and �W, is applied. The notation
will be used in the following section.

�Q is composed of heat conduction, convective heat transport and heat radiation. The work �W
performed by the system can also be divided into different components:

� Work (per time unit) performed by driving forces �WA, for example performed by a pump or
used by a turbine (Please note that the two have opposite algebraic signs!).

� Work (per time unit) performed by pressure forces �WD. Within a control volume, the pres-
sure forces always balance, so that pressure forces are only unbalanced at the control
sections:

�WD =
Z

A

p(v � n) dA (4.34)

� Work (per time unit) by viscous tensions in the control sections �Wvis. Like the pressure
forces, the tension forces are balanced inside the control volume.

�Wvis =
Z

A

(t � v) dA (4.35)
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t is the viscous tension vector at the surface element dA. In many cases, �Wvis plays no
role or is small enough to be negligible. At �xed �ow boundari es the viscous tensions are
zero due to the adhesion constraints (see p. 6). Accordingly, �Wvis is also zero at these
boundaries.
At in�ow- and out�ow-cross-sections, the �ow velocity is ne arly perpendicular to the control
section. Because viscous normal-stresses are very small, �Wvis may be neglected in most
cases.

We can insert Eqs. (4.34) and (4.35) into Eq. (4.33), which results in

�Q� �WA �
Z

A

p(v � n) dA�
Z

A

(t � v) dA=
Z

KV

¶(er )
¶t

dV +
Z

A

er (v � n) dA (4.36)

As we can see, the product (v � n) is included in the term for �WD as well as in the surface integral
for the energy �ux. Therefore, we can rearrange Eq. (4.36) to obtain

�Q� �WA �
Z

A

(t � v) dA=
Z

KV

¶(er )
¶t

dV +
Z

A

�
e+

p
r

�
r (v � n) dA (4.37)

The energy e per mass present in the system is composed of different components:

� Inner energy û

� Kinetic energy 1
2v2

� Potential energy gz

� Further components, such as those resulting from chemical or nuclear reactions, or from
electro-static or magnetic �elds. These components, howev er, will be neglected in the
discussion which follows.

Now we can insert e= û+ 1
2v2 + gzand the surface integral on the right hand side of Eq. (4.37)

now includes the speci�c enthalpy ĥ (see Eq. (1.9)):

::: +
Z

A

(
1
2

v2 + gz+ û+
p
r

| {z }
ĥ

)r (v � n) dA

Finally, the energy equation for a stationary Euler control volume can be written as:

�Q� �WA �
Z

A

(t � v) dA=
Z

KV

¶(û+ 1
2v2 + gz)r
¶t

dV +
Z

A

(ĥ+
1
2

v2 + gz)r (v � n) dA (4.38)

Energy equation for a steady-state �ow in a streamtube (one- dimensional):
A common special case is the steady-state �ow in a streamtube (see Fig. 4.4). Eq. (4.38) can
be simpli�ed as follows:

�Q� �WA � �Wvis = ( ĥ2 +
1
2

v2
2 + gz2) r 2v2A2| {z }

�m2

� (ĥ1 +
1
2

v2
1 + gz1) r 1v1A1| {z }

�m1

(4.39)
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Due to the steady-state conditions �m1 = �m2 = �m is valid (continuity condition, Ch. 4.2). We can
then divide Eq. (4.39) by �m. This leads to the mass-related terms

�Q
�m

=
dQ
dt

dt
dm

=
dQ
dm

= q or
�WA

�m
= wA and

�Wvis

�m
= wvis (4.40)

These terms can be inserted into Eq. (4.40):

q� wA � wvis = ( ĥ2 +
1
2

v2
2 + gz2) � (ĥ1 +

1
2

v2
1 + gz1) (4.41)

Here again, q is considered positive if heat energy is added to the control volume. wA and wvis
are positive if work is performed by the �uid on its surroundi ngs.

If we divide Eq. (4.41) by g, each term will have dimensions of length L (m) or energy height.
The energy height is commonly abbreviated h, but care must be taken that it is not confused with
the speci�c enthalpy. It holds that hq = q=g, hA = wA=g and hvis = wvis=g. When dividing by
g, we look again at the sum of the inner energy û and the volume changing work p=r instead
of looking at the speci�c enthalpy ĥ. The term p=(r g) is called pressure head(see Ch. 2.2.1).
Similarly, v2=(2g) represents the velocity head.

hq � hA � hvis = (
û2

g
+

v2
2

2g
+

p2

r 2g
+ z2) � (

û1

g
+

v2
1

2g
+

p1

r 1g
+ z1) (4.42)

Remark:
The expression

û2 � û1 � q
g

can also be interpreted as head loss hv due to friction. This is in general applied for isothermal
systems where heat transfer is negligible. Fluid �ow in pipe s (see Ch. 9) is a classical application
of such an approach. If hvis is neglected, typically the following equation between two different
cross-sections of a pipe holds:

v2
1

2g
+

p1

r 1g
+ z1 =

v2
2

2g
+

p2

r 2g
+ z2 + hv + hA (4.43)

Here, hv represents the losses along the pipe due to friction as well as local losses at bends
or forks etc. hA usually describes the energy which is taken out of the system / brought into
the system by pumps or turbines. Here, the energy introduced by a pump is considered with a
negative value and the energy extracted by a turbine is considered with a positive value in hA.

Correction factor for kinetic energy:
In most cases, the real �ow in control volumes differs from id ealized one-dimensional �ow. The
velocity can vary across the control section. Just as we used the momentum �ux correction
factor b (see p. 48), we will use a correction factor a for kinetic energy term 1

2v2. With the
correction factor a, the integral becomes proportional to the square of the mean velocity in the
control cross-section: Z

control cross-section

1
2

v2r (v � n) dA� a
1
2

v2
m �m (4.44)
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As in Fig. 4.5 let u be the velocity perpendicular to the control cross-section. Moreover, let the
�ow be incompressible, such that the density can be pulled ou t in front of the integral. This yields:

1
2

r
Z

u3 dA=
1
2

ra v3
mA (4.45)

or

a =
1
A

Z �
u
vm

� 3

dA: (4.46)

For different velocity pro�les (see Fig. 4.5), different va lues for a are obtained. For v = constant
we get a = 0. For laminar �ow with u according to Eq. (4.30), we get vm = 1

2U0 and a = 2:0.
For turbulent �ow according to Eq. (4.31) the factor a has a range between 1.04 and 1.11. In
most cases, therefore, a � 1:0 is applied for fully turbulent �ow.

4.5 Bernoulli equation for frictionless �ow

The Bernoulli equation1 for frictionless �ow (wall friction t = 0) is of signi�cant importance for
practical applications. Despite some very important restrictions it is used often because of its
simplicity. In the following, a short derivation is given.

d
v + dv
r +   r

1

a

ds

p

p + dp

A

A + dA

r , v

g dVr

dz

2

Figure 4.6: Streamtube elementdsfor derivation of the Bernoulli equation

Fig. 4.6 shows an elementary streamtube control volume of the length ds, where s corresponds
to the direction of the streamtube. We assume, that r , v and p are variable in s and t, but are,
however, constant along the control cross-section A. The angle a to the horizontal axis describes
the direction of the streamtube, which leads to a geodetic height difference of dz= dssina.

1After Daniel Bernoulli in the year 1738
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At �rst, we formulate the mass balance for the control volume (see Ch. 4.2):
Z

KV

¶r
¶t

dV + r 2A2v2 � r 1A1v1 = 0 (4.47)

with dV = Ads. Written in differential form, we obtain for the mass conservation

¶r
¶t

Ads+ d(r Av) = 0 : (4.48)

Furthermore we get the following equation for the momentum balance in the direction of the
streamtube (see Ch. 4.3):

å F =
Z

KV

¶(r v)
¶t

dV + r 2A2v2
2 � r 1A1v2

1 (4.49)

As mentioned previously, we assume that there is no friction, so there is no friction-induced
contribution to the force balance. The only forces are Fgrav due to gravity and Fpress due to the
pressure applied to the control volume. The momentum balance can be written in differential
form:

Fgrav + Fpress =
¶(r v)

¶t
Ads+ d(r Av2) (4.50)

The gravity-induced force Fgrav is derived from the component of the �uid weight force which a cts
in s-direction inside the control volume:

Fgrav = � r gdV sina = � r gAdssina = � r gAdz (4.51)

When calculating the pressure-induced force Fpress we take the balancing effects of the sur-
rounding pressures into consideration. When these are eliminated from our calculations, only
the net-pressure force caused by the pressure gradient in the s-direction has to be considered:

Fpress � � Adp (4.52)

Please note, that we assume dA� A. Without this assumption, a pressure contribution, in �ow
direction acting on the increasing surface of the control volume, also has to be considered.
Inserting Eqs. (4.51) and (4.52) into (4.50) yields:

� r gAdz� Adp =
¶(r v)

¶t
Ads+ d(r Av2) (4.53)

applying the chain rule

=
¶r
¶t

Avds
| {z }

1

+
¶v
¶t

r Ads+ r Avdv+ vd(r Av)
| {z }

4

(4.54)

In accordance with the continuity equation (4.48) the sum of the terms 1 and 4 on the right side
is equal to zero. When we then divide the remaining terms by r A and write them on one side,
we get

¶v
¶t

ds+
dp
r

+ vdv+ gdz= 0 : (4.55)



CHAPTER 4. CONSERVATION EQUATIONS FOR A CONTROL VOLUME
Dept. of Hydromechanics & Modeling of Hydrosystems, Inst. of Hydraulic Engineering, Univ. Stuttgart 54

Eq. (4.55) is the Bernoulli equation in differential form for transient frictionless �ow along a
streamtube. Integrating between the control cross-sections 1 and 2 (see Fig. 4.6) yields

2Z

1

¶v
¶t

ds+

2Z

1

dp
r

+
1
2

(v2
2 � v2

1) + g(z2 � z1) = 0 (4.56)

In order to evaluate the two remaining integrals, the transient character of the �ow has to be
quanti�ed, and the density-pressure relationship must be d escribed. Very often, the Bernoulli
equation (4.56) is applied to systems with steady-state conditions (¶v=¶t = 0) and incompress-
ible �ows ( r = constant). We then get

p1

r g
+

v2
1

2g
+ z1 =

p2

r g
+

v2
2

2g
+ z2 = const. (4.57)

For a consideration with friction, we obtain the already known Eq. (4.43).

4.6 Energy grade line and hydraulic grade line

The Bernoulli equation for steady-state, incompressible and frictionless �ow (4.57) can be illus-
trated with the help of the energy grade line and hydraulic grade line. The energy head H, which
is constant in this case, is composed of three different components:

H =
p

r g
|{z}

pressurehead

+
v2

2g|{z}
velocityhead

+ z|{z}
geod:height

= const. (4.58)

In Fig. 4.7 these components are plotted for cross-sections 1 and 2. The energy grade line
represents the position of the energy head H and is constant. The hydraulic grade line indicates
the course of the piezometric head (Eq. 2.11), which is the sum of geodetic height and pressure
head. The difference between the energy and hydraulic grade lines is equal to the velocity head.
In the circular tube in Fig. 4.7 the cross-section 2 has a larger area than cross-section 1. Be-
cause the system must ful�ll the continuity condition, the v elocity, and therefore also the velocity
head, is larger in cross-section 1 than in cross-section 2.

Remark:
The measuring pipes drawn in Fig. 4.7 and used for measuring the piezometric and energy
heads allow the local pressure as well as the dynamic pressure to be measured. The piezometer
tube is connected to the surface of the pipe where the piezometric head h is measured. The
Pitot-tube has a small hole at the tip, which measures the dynamic pressure when it is turned so
that it is oriented 180 � to the �ow direction (see Ch. 11).
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gr

v1
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2g

1z

2z

p
2
gr

v2
2

2g

1
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energy grade line

hydraulic grade line

datum line

Figure 4.7: Energy and hydraulic grade line for steady-state, incompressible and frictionless
�ow in a circular tube with varying width

4.7 Summary

� The control volume is selected based on the formulation of the problem:
�xed (Euler) or moving (Lagrange).

� The Reynolds transport theorem: inside a control volume, a � ow property changes through

– changes occurring within the control volume.

– �uxes across the surface of the control volume.

� The equations for the conservation of mass, momentum and energy in a control volume
can be formulated with the help of the Reynolds transport theorem.

� The general law of mass conservation (continuity equation):
dm

dtjSystem

= 0

� The general momentum conservation equation (Newton's 2nd law): å F =
d mv
dt

� The general energy conservation equation: 1st Law of Thermodynamics

� Correction factors may be applied to account for velocity distributions which are not con-
stant across the �ow cross section.
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� Bernoulli equation: �ow along a stream tube is considered.

� The energy height (frictionless �ow) is described by:

H =
p

r g
|{z}

pressurehead

+
v2

2g|{z}
velocityheight

+ z|{z}
geod:height

= const.
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4.8 Exercises

1. According to the Reynolds transport theorem ...

a) ... only the water may be balanced.

b) ... the control volume must be box-shaped.

c) ... the velocity vector always points outwards.

d) ... the control volume must have a �xed position.

e) ... the control volume cannot be deformed.

f) none of the above.

2. What conditions are required for the continuity equation to be validly written in the following
form: Q = v� A ?

a) The �ux Q is steady state.

b) The �ow cross section A is constant.

c) The velocity v is constant.

d) The �owing �uid is assumed to be incompressible.

3. Momentum is de�ned as ...

a) mass per volume.

b) velocity multiplied by area.

c) mass multiplied by acceleration.

d) density multiplied by velocity.

e) force per area.

f) none of the above.

4. The energy conservation equation ...

a) ... applies only under steady state conditions.

b) ... takes the velocity of the �uid into account.

c) ... applies only to one-dimensional approaches.

d) ... applies only to incompressible �uids.

e) none of the above.

5. The Bernoulli equation p1
r g + v2

1
2g + z1 = p2

r g + v2
2

2g + z2 = const. is valid only for ...

a) steady state conditions.

b) frictionless �ows.

c) incompressible �ows.
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d) none of the above.

6. The energy height H, as de�ned in the Bernoulli equation, contains the contribu tion of the
potential energy in:

a) the pressure height term p=(r g)

b) the velocity height term v2=(2g)

c) the geodetic height term z

d) not at all

7. The piezometric height corresponds to ...

a) the geodetic height z

b) the velocity height v2=(2g)

c) the pressure height p=(r g)

d) a point on the pressure line

e) a point on the energy line

f) none of the above



Chapter 5

Conservation equations for a �uid element

In Ch. 4, we described the behavior of moving �uids for a contr ol volume with limited spatial di-
mensions. We gained insights on the processes occurring inside the control volume, but in doing
so, neglected the details of the �ow. Therefore, in this chap ter, we will introduce an approach
with which the conservation laws for an in�nitesimally smal l �uid element can be formulated.
This differential consideration leads to differential equations which describe the �ow. In or-
der to solve these differential equations, the appropriate boundary conditions are needed. For
time-dependent problems, initial conditions are also necessary. In most practical applications,
differential equations are derived which contain signi�ca nt simpli�cations based on suitable as-
sumptions (e.g., steady-state �ow, incompressibility). I n many cases the solutions of these equa-
tions are obtained by a numerical simulation of the �ow probl ems. This will be further explained
in Ch. 6.

5.1 Conservation of mass

We now want to transfer the approach introduced in the previous chapter to an in�nitesimally
small control volume. It should be so small, that its volume can be calculated using the differential
expression dxdydz(see Fig. 5.1). The volume integral, which we have seen before, e.g. Eq.
(4.12), now has the form Z

KV

¶r
¶t

dV =
¶r
¶t

dxdydz (5.1)

Additionally, we assume that the �ow across each of the surfa ces of the control volume is one-
dimensional and perpendicular. Applying these assumptions, the surface integral from Eq. (4.12)
can be transformed to read

Z

A

r (v � n) dA= å
i

(r iAivi)out � (r iAivi)in (5.2)

We will now consider the example in Fig. 5.1 where the mass �ux es which �ow into or out of the
in�nitesimal control volume across the surface in the x-dir ection are shown. In order to simplify
the diagram, the �ows in the y- and z-directions are not shown . The mass �ux entering the
control volume in the x-direction is

�mx;in = r udydz (5.3)

59



CHAPTER 5. CONSERVATION EQUATIONS FOR A FLUID ELEMENT
Dept. of Hydromechanics & Modeling of Hydrosystems, Inst. of Hydraulic Engineering, Univ. Stuttgart 60

z

x

y

dx

dz

dy

u dy dzr r u +[
¶
¶x (r u) dx] dy dz

Figure 5.1: In�nitesimally �uid element with mass in�ow andout�ow in x-direction

and the mass �ux �owing out of the control volume is

�mx;out = [ r u+
¶
¶x

(r u) dx]dydz; (5.4)

where the density is a continuous function in time and space: r = r (x;y;z;t). The same ex-
pression can be used for all other �uid properties, the deriv atives of which will be used to derive
the balance equations in this chapter. If we include the other two coordinate directions in the
balance, and if we insert the relationships used in Eq. (4.12), we obtain

¶r
¶t

dxdydz+
¶
¶x

(r u) dxdydz+
¶
¶y

(r v) dxdydz+
¶
¶z

(r w) dxdydz= 0 : (5.5)

The volume of the in�nitesimal control volume can be cancele d out here. This leaves us with the
following partial differential equation for mass conservation:

¶r
¶t

+
¶
¶x

(r u)+
¶
¶y

(r v)+
¶
¶z

(r w) = 0 (5.6)

Writing the expression in vector-notation yields for this continuity equation

¶r
¶t

+ Ñ � (r v) = 0 ; (5.7)

where Ñ� (r v) is the divergence of the vector (r v).
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Steady-state �ow:
For steady-state �ow ¶=¶t � 0, so Eq. (5.6) can be simpli�ed to

¶
¶x

(r u)+
¶
¶y

(r v)+
¶
¶z

(r w) = 0 (5.8)

or written in vector-notation
Ñ� (r v) = 0 : (5.9)

Incompressible �ow:
A strong simpli�cation of the above equations can be obtaine d when dealing with incompressible
�ow because the temporal derivative of the density is zero wh en the �ow is incompressible
(¶r =¶t � 0), regardless of whether the �ow is steady-state or transien t. The same holds for the
spatial derivatives. Now the density can be pulled out in front of the differential operators and
canceled and we get:

¶u
¶x

+
¶v
¶y

+
¶w
¶z

= 0 (5.10)

or
Ñ� v = 0 : (5.11)

Eq. (5.10) or (5.11) represents a linear differential equation for which a series of problem-speci�c
solutions exist. These will be discussed in subsequent chapters. Because most engineering ap-
plications can be idealized as incompressible �ows, these t wo equations are of great importance.
In order to estimate whether a �ow can be assumed incompressi ble, some basic considerations,
explained in the following section, are used.

The aim is to extract the density from the divergence in Eq. (5.9). In order for this approximation
to be possible, it has to be valid (for reasons of simplicity we will only look at one component of
the velocity vector (v) in the spatial direction s):

¶
¶s

(r v) = v
¶r
¶s

+ r
¶v
¶s

� r
¶v
¶s

(5.12)

This means that it must also be true that
�
�
�
�v

¶r
¶s

�
�
�
� �

�
�
�
�r

¶v
¶s

�
�
�
� (5.13)

or, when both sides are divided by (r v)
�
�
�
�
dr
r

�
�
�
� �

�
�
�
�
dv
v

�
�
�
� : (5.14)

From the de�nition of the speed of sound found in Eq. (1.22) it becomes clear that the change of
pressure can be considered proportional to the change of density and the square of the speed
of sound:

dp� a2dr (5.15)

Furthermore, we can discover the following proportionality when looking at the Bernoulli equation
(4.55)

dp� � r vdv: (5.16)
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From Eq. (5.15) and (5.16) we get

a2dr � � r vdv or
dr
r

� �
vdv
a2 : (5.17)

By combining Eq. (5.17) with (5.14) we obtain the condition

�
�
�
�
vdv
a2

�
�
�
� �

�
�
�
�
dv
v

�
�
�
� or

v2

a2 � 1 or Ma2 � 1 : (5.18)

The Mach number was introduced previously in section 1.4.9. The question, ”How much smaller
than one must the Mach number be, to be small enough to assume incompressibility?”, is usually
answered with Ma � 0.3. The �ow of water and other �uids meet this condition for m ost practical
applications (water: a > 1400m/s). The speed of sound of air, 340 m/s, is clearly smaller than
this, so air �ows up to about 100 m/s can be safely approximate d as incompressible.

5.2 Conservation of momentum

A procedure analogous to that used in Ch. 5.1 to derive Eq. (5.5) leads to the following momen-
tum balance equation:

å F = dxdydz
�

¶
¶t

(r v)+
¶
¶x

(r uv)+
¶
¶y

(r vv)+
¶
¶z

(r wv)
�

(5.19)

where (for example) the in- and out-�owing momentum �uxes in the x-direction are described by

r uvdydz or

�
r uv+

¶
¶x

(r uv) dx
�

dydz (5.20)

The right side of Eq. (5.19) implicitly includes the continuity equation (5.7). The term with
brackets can be rearranged in the following way, so that the corresponding term can be canceled:

¶
¶t

(r v) +
¶
¶x

(r uv)+
¶
¶y

(r vv)+
¶
¶z

(r wv)

= v
�

¶r
¶t

+ Ñ � (r v)
�

| {z }
� 0

+ r
�

¶v
¶t

+ u
¶v
¶x

+ v
¶v
¶y

+ w
¶v
¶z

�

| {z }
= dv

dt

(5.21)

The second term corresponds to the total acceleration of a �u id particle (see Ch. 3). For Eq.
(5.19) we then get

å F = dxdydzr
dv
dt

: (5.22)

which is considerably simpler-looking.
å F combines volume forces and surface forces. The only volume force we consider is the
gravitational force acting on the differential mass (see Fig. 5.2)

dFgrav = r gdxdydz; (5.23)
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y
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t xx
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¶
x¶
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yx¶t
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zx¶t
z¶
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[     +        dy] dx dz

[     +        dz] dx dy

Figure 5.2: Forces acting on an in�nitesimal �uid element (t i j = viscous tensions in the j-
direction on a face perpendicular to direction i) and the velocity componentsu, v, w.

where g may have an arbitrary direction, depending on the coordinate system selected. In most
cases, however, the positive z-direction is de�ned in the up wards direction (see e.g. Ch. 4.5).
The surface forces on a �uid element consist of the hydrostat ic pressure forces and the motion-
dependent viscous forces due to the velocity gradients. More precisely, the respective gradients
are responsible for the resulting total surface force, as it is shown in Fig. 5.2. To keep this �gure
simple, only the components of the forces in the x-direction are labeled. We get for the surface
forces

dFx;surf =
¶
¶x

(� p+ t xx) dxdydz+
¶
¶y

t yxdxdydz+
¶
¶z

t zxdxdydz

= dxdydz
�

�
¶p
¶x

+
¶t xx

¶x
+

¶t yx

¶y
+

¶t zx

¶z

�

dFy;surf = dxdydz
�

�
¶p
¶y

+
¶t xy

¶x
+

¶t yy

¶y
+

¶t zy

¶z

�

dFz;surf = dxdydz
�

�
¶p
¶z

+
¶t xz

¶x
+

¶t yz

¶y
+

¶t zz

¶z

�
(5.24)
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or divided into pressure and viscous components, and written in vector-notation

dFsurf = dxdydz(� Ñp)+ dFvisc ; (5.25)

where
dFvisc = dxdydz

�
Ñ � t i j

�
(5.26)

with

t i j =

2

4
t xx t yx t zx
t xy t yy t zy
t xz t yz t zz

3

5 : (5.27)

Now the relationships derived can be inserted into Eq. (5.22). The volume dxdydzvanishes
and we obtain

r g� Ñp+ Ñ� t i j = r
dv
dt

(5.28)

or written out in full length and in component-notation

r gx �
¶p
¶x

+
¶t xx

¶x
+

¶t yx

¶y
+

¶t zx

¶z
= r

�
¶u
¶t

+ u
¶u
¶x

+ v
¶u
¶y

+ w
¶u
¶z

�

r gy �
¶p
¶y

+
¶t xy

¶x
+

¶t yy

¶y
+

¶t zy

¶z
= r

�
¶v
¶t

+ u
¶v
¶x

+ v
¶v
¶y

+ w
¶v
¶z

�

r gz �
¶p
¶z

+
¶t xz

¶x
+

¶t yz

¶y
+

¶t zz

¶z
= r

�
¶w
¶t

+ u
¶w
¶x

+ v
¶w
¶y

+ w
¶w
¶z

�
(5.29)

Eq. (5.29) still holds too many unknowns: the pressure p, the velocity components u;v;w and
the shear stress t i j . It is necessary, therefore, to express the shear stress as a function of the
velocity components.

5.2.1 Navier-Stokes equations

In Ch. 1.4.6 we discussed the relationship between the viscous shear stress and the gradient
of the velocity for Newtonian �uids. As a generalization of E qs. (1.12) and (1.14) we get for the
three-dimensional viscous �ow

t xx = 2µ
¶u
¶x

t yy = 2µ
¶v
¶y

t zz= 2µ
¶w
¶z

t xy = t yx = µ
�

¶u
¶y

+
¶v
¶x

�

t xz = t zx = µ
�

¶w
¶x

+
¶u
¶z

�

t yz = t zy = µ
�

¶v
¶z

+
¶w
¶y

�
(5.30)

These relationships now can be inserted into Eq. (5.29). We will initially only show the equations
for the x-component:

r gx �
¶p
¶x

+ µ
¶
¶x

�
2

¶u
¶x

�
+ µ

¶
¶y

�
¶u
¶y

+
¶v
¶x

�
+ µ

¶
¶z

�
¶w
¶x

+
¶u
¶z

�
= r

du
dt

(5.31)
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A further rearrangement yields

r gx �
¶p
¶x

+ µ

2

6
6
6
4

¶2u
¶x2 +

¶2u
¶y2 +

¶2u
¶z2 +

¶
¶x

�
¶u
¶x

+
¶v
¶y

+
¶w
¶z

�

| {z }
= Ñ�v

3

7
7
7
5

= r
du
dt

(5.32)

According to Eq. (5.11), Ñ � v � 0, provided that incompressibility can be assumed. Applying
this, we obtain the following equations for the x-direction – and analogous equations for the y-
and z-components:

r gx �
¶p
¶x

+ µ
�

¶2u
¶x2 +

¶2u
¶y2 +

¶2u
¶z2

�
= r

du
dt

r gy �
¶p
¶y

+ µ
�

¶2v
¶x2 +

¶2v
¶y2 +

¶2v
¶z2

�
= r

dv
dt

r gz �
¶p
¶z

+ µ
�

¶2w
¶x2 +

¶2w
¶y2 +

¶2w
¶z2

�
= r

dw
dt

(5.33)

Expressed in vector-notation, it can be written:

r g� Ñp+ µÑ2v = r
dv
dt

: (5.34)

Eq. (5.33) and (5.34), are two different expressions of the Navier-Stokes equation1. It is a non-
linear partial differential equation of second order. The four unknowns in the equation are the
pressure p and the three velocity components u;v;w. Therefore, in order to solve this equation,
a fourth equation is needed: the continuity equation for incompressible �ow (5.10) or (5.11).

5.2.2 Euler equation

Eq. (5.29) can be simpli�ed obtained by neglecting the visco us shear stress, and thereby as-
suming an ideal, frictionless �ow ( t i j = 0). Eq. (5.29) then becomes

r gx �
¶p
¶x

= r
�

¶u
¶t

+ u
¶u
¶x

+ v
¶u
¶y

+ w
¶u
¶z

�

r gy �
¶p
¶y

= r
�

¶v
¶t

+ u
¶v
¶x

+ v
¶v
¶y

+ w
¶v
¶z

�

r gz �
¶p
¶z

= r
�

¶w
¶t

+ u
¶w
¶x

+ v
¶w
¶y

+ w
¶w
¶z

�
(5.35)

or written in vector-notation

r g� Ñp = r
dv
dt

(5.36)

This is also called the Euler equation.

1after Navier (1785–1836) and Stokes (1819–1903)
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5.2.3 Frictionless, rotation-free �ow (Bernoulli)

The Bernoulli equation for frictionless �ow in a streamtube was introduced in Ch. 4.5, where the
concept of a control volume was applied. In the following section the Bernoulli equation will be
derived again by integrating the Euler equation (5.36) along a streamline.
With Eq. (3.11) we can see that the substantial (total) acceleration consists of two terms. The
second term, the convective part (v � Ñ)v, can be rearranged to read

(v � Ñ)v � Ñ(
1
2

v2) + 2w� v ; (5.37)

where w is the rotation angle velocity vector according to Eq. (3.14). We now combine Eq. (5.36)
with (5.37) while using (3.11), divide by r and write all terms on the left hand side. Afterwards
we multiply the whole equation by a velocity vector dr (which we will later de�ne, but which is
arbitrary for the time being) and we get:

�
¶v
¶t

+ Ñ
�

1
2

v2
�

+ 2w� v+
1
r

Ñp� g
�

� dr = 0 (5.38)

It is important to note that Eq. (5.38) is an energy equation. The Euler equation is a momentum
equation and therefore contains forces. When multiplying the terms of the equation with the
path-element dr , the products are work (or energy) terms.
The third term in Eq. (5.38) which includes the vector product is troublesome. However, for some
cases this term goes to zero:

(2w� v) � dr � 0 : (5.39)

� v = 0; no �ow, hydrostatic conditions (see Ch. 2)

� w = 0; rotation-free �ow (see Ch. 3.3)

� Under very rare circumstances (strictly coincidental), the scalar product also goes to zero
when dr is oriented perpendicular to 2w � v.

� The most interesting case occurs when dr is parallel to v. This happens when one inte-
grates along a streamline (see Ch. 4.5).

We will now integrate Eq. (5.38) along a streamline. For this we choose dr = dsas the displace-
ment vector – just as we did with Fig. 4.6. The operator Ñ can then in turn be replaced by ¶=¶s.
As we integrate along a streamline (for a given point in time t0, so that ¶=¶t = 0) it becomes
¶( 1

2v2)=¶s ds= d( 1
2v2) and ¶p=¶s ds= dp. For g dswe write just like in Ch. 4.5 � g dz.

¶v
¶t

ds+
dp
r

+ d
�

1
2

v2
�

+ gdz= 0 (5.40)

Eq. (5.40) is one-dimensional (streamline-coordinate s) and contains only exact differentials,
apart from the �rst term which drops out in the case of steady- state �ow. Integration can now be
carried out rather easily and yields

2Z

1

¶v
¶t

ds+

2Z

1

dp
r

+
1
2

(v2
2 � v2

1) + g(z2 � z1) = 0 (5.41)
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Eq. (5.41) is identical to (4.56) and for steady-state incompressible �ows, it is also identical to
Eq. (4.57).

Please note that for rotation-free �ow ( w = 0) Eq. (4.57) is valid not only along a streamline, but
throughout whole �ow �eld.

5.2.4 Turbulent �ow (Reynolds equation)

As mentioned previously, a great many technically relevant �ows are turbulent. While laminar
�ows move in ordered layers, turbulent�ows are characterized by a main �ow motion, which is
superimposed by orderless temporal and spatial �uctuation s (see e.g. [?]). These �uctuations
are performed by molecule-clusters of different sizes and extensions. The turbulence-clusters
which emerge from this undergo continuous change. The Navier-Stokes equation derived in Ch.
5.2.1 for viscous Newtonian �uids is also valid, in principl e, for turbulent �ow of such �uids. Yet,
the practical solution of adequately dimensioned problems with numerical methods using this
formulation exceeds the capacity of even the most powerful computers. In order to understand
the fundamental details of the turbulence mechanisms, the linear dimensions have to correspond
to the smallest turbulence-clusters. This means that the unknowns of the Navier-Stokes equation
have to be calculated at many, many discrete points within a very small space.

v

v

v

t

v

(1)

(2)

v

Figure 5.3: Turbulent velocity �uctuations for a �xed pointin space depending on time (after
Truckenbrodt [?]). (1) statistically steady-state �ow with¶v̄=¶t = 0. (2) statistically transient
�ow with ¶v̄=¶t 6= 0.

An example can be found in Fig. 5.3, which shows changes in velocity at a �xed point in space
for (1) a (statistically) steady-state mean �ow motion and ( 2) a (statistically) transient mean �ow
motion. Using an approach �rst published by Reynolds (1895) we can imagine splitting the
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velocity of a turbulent �ow into two components:

v = v̄+ v0 (5.42)

v̄ is the averaged velocity of the main motion or main �ow. v0is the velocity of the high-frequency,
irregular motion �uctuations. Other physical variables, s uch as the velocity components vi , the
pressure p and the temperature T may be treated analogously:

vi = v̄i + vi
0 p = p̄+ p0 T = T̄ + T0 (5.43)

The averaged value of the corresponding �uctuating variabl e is zero, for example v0= 0.

The temporal average of the respective variable is obtained by integrating the time-variation
curve with a suf�ciently large time interval Dt and subsequently dividing by Dt, e.g.

v̄ =
1
Dt

Z

Dt

v(t) dt (5.44)

The effective value of the �uctuating variable can be calcul ated analogously to the way in which
the standard deviation for discrete measurements was calculated. For v we get:

effective value =

r
å (v� v̄)2

n
=

q

v02 (5.45)

The turbulence intensity corresponds to the ratio between the effective value and the mean
velocity

turbulence intensity =

q

v02

v̄
: (5.46)

For pipe and channel �ows with fully developed turbulence, t he turbulence intensity is about 10
to 20%.

If we introduce the above de�nitions of the �uctuating varia bles to the Navier-Stokes equation
(5.33), we obtain – after temporal averaging – the Reynolds equation for turbulent �ow. In the
following equations, we are only concerned with the x-component.

r gx �
¶p̄
¶x

+
¶
¶x

�
µ

¶ū
¶x

� r u02
�

+
¶
¶y

�
µ

¶ū
¶y

� r u0v0

�
+

¶
¶z

�
µ

¶ū
¶z

� r u0w0

�

= r
�

¶ū
¶t

+ ū
¶ū
¶x

+ v̄
¶ū
¶y

+ w̄
¶ū
¶z

�
(5.47)

The Reynolds equation differs from the Navier-Stokes equation by the additional turbulent ap-
parent stress (Reynolds stress). These represent additional unknowns which have to be dealt
with using empirical assumptions.
The normal and shear stresses which occur during deformation of a �uid particle due to the �uid
viscosity are:

t ii = 2µ
¶vi

¶xi
t i j = µ

�
¶vi

¶x j
+

¶v j

¶xi

�
: (5.48)
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However, in this case only deformations resulting from the base �ow were considered.
Additional stresses caused by turbulence (Reynolds stress, apparent stress) result from the tur-
bulence structure and intensity and therefore can vary strongly in time and space.

t ii
0= � r vi

02 t i j
0= � r vi

0v j
0 (5.49)

A simple approach (after Boussinesq) uses the new variable A which can be interpreted as
apparent viscosity. It then holds

t ii
0= 2A

¶vi

¶xi
t i j

0= A
�

¶vi

¶x j
+

¶v j

¶xi

�
: (5.50)

when we now insert the apparent viscosity into the Reynolds equation (5.47) we get

r gx �
¶p̄
¶x

+ ( µ+ A)
�

¶2ū
¶x2 +

¶2ū
¶y2 +

¶2ū
¶z2

�
= r

�
¶ū
¶t

+ ū
¶ū
¶x

+ v̄
¶ū
¶y

+ w̄
¶ū
¶z

�

r gy �
¶p̄
¶y

+ ( µ+ A)
�

¶2v̄
¶x2 +

¶2v̄
¶y2 +

¶2v̄
¶z2

�
= r

�
¶v̄
¶t

+ ū
¶v̄
¶x

+ v̄
¶v̄
¶y

+ w̄
¶v̄
¶z

�

r gz �
¶p̄
¶z

+ ( µ+ A)
�

¶2w̄
¶x2 +

¶2w̄
¶y2 +

¶2w̄
¶z2

�
= r

�
¶w̄
¶t

+ ū
¶w̄
¶x

+ v̄
¶w̄
¶y

+ w̄
¶w̄
¶z

�
(5.51)

A is not a material constant but rather a function of the turbulence of the �ow. For laminar �ows
A � 0. For turbulent technical �ows A is usually µ � A.

5.3 Conservation of energy

Here, we will omit the detailed derivation and just state the general energy differential equation:

r
dû
dt

+ v � Ñp = Ñ� (kÑT)+ F (5.52)

The coef�cient k represents the heat conductivity of the �uid. F is an abbreviation for the viscous
dissipation:

F = µ

"

2
�

¶u
¶x

� 2

+ 2
�

¶v
¶y

� 2

+ 2
�

¶w
¶z

� 2

+
�

¶v
¶x

+
¶u
¶y

� 2

+
�

¶w
¶y

+
¶v
¶z

� 2

+
�

¶u
¶z

+
¶w
¶x

� 2
#

(5.53)

All terms are quadratic. With this we can see that the viscous dissipation is always positive,
which means that a viscous �ow always loses energy due to diss ipation.

Solving Eq. (5.52) is not easy. Therefore, simpli�ed equati ons are usually used. The following
approximations are made:

dû � cvdT and cv;µ;k; r � const. (5.54)
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Applying these assumptions we get as a simpli�cation for Eq. (5.52):

r cv
dT
dt

= kÑ2T + F (5.55)

Here, T is the only unknown other than the velocity components which are still included in the
total derivative of the temperature

dT
dt

=
¶T
¶t

+ u
¶T
¶x

+ v
¶T
¶y

+ w
¶T
¶z

: (5.56)

Fluids at rest are a special case in which the convective terms drop out and only the partial
derivative of the temperature with respect to time is left. Dissipation effects are then equal to
zero and we obtain the heat conduction equation

r cv
¶T
¶t

= kÑ2T (5.57)

5.4 Solution of the basic equations

The basic equations derived in this chapter – the equations for conservation of mass (Eq. (5.7)),
conservation of momentum (Eq. (5.28)) and conservation of energy (Eq. (5.52)) – form a sys-
tem of equations with which we can calculate the �ow of a �uid. This system has the primary
unknowns velocity v, pressure p and temperature T. In the general case, the variables den-
sity r and speci�c inner energy û are also unknown or functions of other (primary) variables.
Therefore, we need supplementary conditions

r = r (p;T) û = û(p;T)

(equations of state, see Ch. 1.4) to close the system of equations.

5.4.1 Initial and boundary conditions

It has been shown that the time-dependent terms in the basic equations only drop out for steady-
state �ow. This means that, in general, the problem is time-d ependent and requires the de�nition
of initial conditions. The spatial distribution of each of the unknowns must be known for the time
t = t0.

In addition to initial conditions, boundary conditionshave to be de�ned for every point in time t.
They have to be stated for all boundaries which surround the � ow area under consideration. In
Fig. 5.4 three typical boundary conditions are sketched:
Solid impermeable wall:
The adhesion constraint applies here (see p. 6); the velocity of the �ow directly at the wall is
therefore equal to the velocity of the wall itself (for a wall with a �xed position, the velocity is
naturally v = 0).
The same holds for the temperature, so that T�uid = Twall.
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Figure 5.4: Typical boundary conditions for a viscous �ow after White [?]

In�ow or out�ow boundary:
At in�ow or out�ow boundaries the values for the primary vari ables v, p and T must be known
at every time. Often it is assumed that the boundary is positioned at � ¥ . (Primary variables are
those variables the system of equations is solved for.)

Interface between a �uid and a gas:
Interfaces between �uids and gases are also referred to as fr ee surfaces. Here, different aspects
have to be considered, however, in many cases fundamental simpli�cations can made, as will be
shown later.

We call the z-coordinate at the boundary layer ZG, where ZG = ZG(x;y;t). As no gaps can occur
between the '�uid' and 'gas' phases, there is the kinematic c ondition at the boundary layer that
the vertical velocity components have to be the same:

wf l = wg =
dZG

dt
=

¶ZG

¶t
+ u

¶ZG

¶x
+ v

¶ZG

¶y

In order to ful�ll the mechanical equilibrium the viscous sh ear stresses of both �uids have to be
the same. Furthermore, it holds that a pressure equilibrium must be present at the boundary
layer:

pf l = pg � g(
1
rx

+
1
ry

);

where the radii of the curvature can be expressed with the help of ZG:

1
rx

+
1
ry

=
¶
¶x

(
¶ZG=¶x

p
1+ ( ¶ZG=¶x)2 + ( ¶ZG=¶y)2

) +
¶
¶y

(
¶ZG=¶y

p
1+ ( ¶ZG=¶x)2 + ( ¶ZG=¶y)2

)

The consideration of these capillary pressure effects is essential in many cases, for instance, for
multiphase �ow in porous media. The pressure of the two �uid p hases at the interface is not
necessarily identical.
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Finally, the heat �uxes must also agree, which leads to the fo llowing condition:

�
k

¶T
¶z

�

f l
=

�
k

¶T
¶z

�

g
:

5.4.2 Simpli�ed special cases

Simpli�ed conditions at the free surface:
For most channel or pipe �ows with free surface out�ow we can a ssume as a very good ap-
proximation that the gas only exerts a pressure on the �uid (a tmosphere) and has no further
in�uence. This leaves us then with the conditions:

pf l = pg and wf l �
¶ZG

¶t
(5.58)

Incompressible �ow with constant �uid properties:
The case of incompressible �ow with constant �uid propertie s can likewise be assumed for most
channel and pipe �ows. The balance equations for mass, momen tum, and energy then simplify
accordingly to

mass : Ñ � v = 0

momentum : r
dv
dt

= r g� Ñp+ µÑ2v

energy : r cv
dT
dt

= kÑ2T + F (5.59)

where only the three primary variables v, p and T are unknown. Furthermore it is possible to
de-couple the mass conservation together with the momentum conservation from the energy
equation, as both balances do not depend on T (no temperature-dependent equations of state
are used).

Ideal �ow:
For ideal conditions the �ow can be considered frictionless . No viscous stresses occur and the
momentum balance is reduced to the Euler equation (5.36). The adhesion constraint at the wall
is no longer valid. Under these assumptions the �ow can be par allel to the wall (see Fig. 4.5),
but not perpendicular to the wall.

5.4.3 Examples: Incompressible laminar-viscous �ow

5.4.3.1 Flow between a �xed and a moving plate

Fig. 5.5 shows a two-dimensional �ow situation between two p arallel plates. It holds that ¶=¶z=
0. The distance between the plates is B. The top plate moves with the constant velocity vP in
x-direction. The problem is steady-state.
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Figure 5.5: Top plate moves with velocityvP, lower plate is �xed.

The velocity components in the y- and z-directions are equal and v = w = 0. Gravitational
acceleration acts in z-direction and is therefore unimportant here. What remains from the mass
conservation equation (continuity equations) is:

¶u
¶x

= 0 (5.60)

The y- and z-components drop out of the Navier-Stokes equation. The equation for the x-
direction is still:

�
¶p
¶x

+ µ
�

¶2u
¶x2 +

¶2u
¶y2 +

¶2u
¶z2

�
= r

�
¶u
¶t

+ u
¶u
¶x

+ v
¶u
¶y

+ w
¶u
¶z

�
(5.61)

Here, again, most terms are equal to zero (a conclusion we draw from Eq. (5.60) among other)
and it still holds that:

¶2u
¶y2 = 0 (5.62)

Integrating two times leads then to a linear dependency of the single remaining unknown u on y:

u = C1y+ C2 (5.63)

Inserting the boundary conditions from the top and bottom yields:

u(� B=2) = 0 u(B=2) = vP (5.64)

! C1 =
vP

B
C2 =

vP

2
(5.65)

Solution: u =
vP

B
y+

vP

2
(5.66)

5.4.3.2 Flow due to a pressure gradient between two �xed plates

Fig. 5.6 shows a two-dimensional �ow between two �xed plates , where the �ow is induced by a
pressure gradient in the x-direction. The problem here, again, is steady-state and again it holds
that v = w = 0 and gx = gy = 0.
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Figure 5.6: Both plates are �xed, a pressure gradient acts in x-direction

Mass conservation leads, just as it did above, to Eq. (5.60). To formulate the Navier-Stokes
equation we have to take the variability of the pressure into consideration and we obtain

µ
¶2u
¶y2 =

¶p
¶x

¶p
¶y

= 0
¶p
¶z

= 0 : (5.67)

Note that u is only a function of y, and p is only a function of x. Therefore, the partial derivatives
are equal to the total derivatives and

µ
d2u
dy2 =

dp
dx

(5.68)

Integrating twice leads to

u =
y2

2µ
dp
dx

+ C1y+ C2 (5.69)

Now the boundary conditions are inserted:

u(� B=2) = 0 u(B=2) = 0 (5.70)

! C1 = 0 C2 = �
B2

8µ
dp
dx

(5.71)

Solution: u = +
B2

8µ
dp
dx

�
4y2

B2 � 1
�

umax= �
B2

8µ
dp
dx

(5.72)
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5.5 Summary

� The derivation of the balance equations for in�nitesimally small �uid elements leads to
partial differential equations.

� The treatment of shear stresses plays an important role in the conservation of momentum
equations.

– Application of the material law for Newtonian �uids yields t he Navier-Stokes equation
(for real �uids).

– We obtain the Euler equations by neglecting viscous stresses (for ideal �uids).

� The Bernoulli equation is obtained by integrating the Euler equation along a streamline.

� Turbulence can be treated as a main �ow overlain by �uctuatio ns. This is described in the
Reynolds equations.

� Initial and boundary conditions must be speci�ed in order to solve initial value and bound-
ary value problems.
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5.6 Exercises

1. The Navier-Stokes equation r g� Ñp+ µÑ2v = r dv
dt ...

a) ... is obtained from the concept of mass balance.

b) ... is obtained from the concept of momentum balance.

c) ... has nothing to do with the conservation of either mass or momentum.

d) ... is only valid for incompressible �ows.

e) ... is only valid for steady-state �ows.

2. One obtains the Euler equation from the Navier-Stokes equation ...

a) ... by neglecting pressure.

b) ... by neglecting velocity.

c) ... by neglecting friction.

d) ... by using a method not listed above.

e) ... You cannot obtain one from the other.

3. One obtains the Bernoulli equation from the Euler equation ...

a) ... by neglecting pressure.

b) ... by neglecting velocity.

c) ... by neglecting friction.

d) ... by using a method not listed above.

e) ... You cannot obtain one from the other.

4. Turbulent �uctuations ...

a) ... are taken into account using apparent stresses.

b) ... cancel each other out and do not ever have to be considered.

c) ... occur only in the velocity.

d) ... are taken into account using the Navier-Stokes equation.

e) none of the above.

5. In all cases, ... is/are required to calculate the �ow of a � uid.

a) ... primary variables

b) ... a no-�ow boundary

c) ... a �uid with a free surface

d) ... a control volume

e) ... boundary conditions



Chapter 6

Potential �ow

The calculation of a �ow �eld with the �eld variables velocit y and pressure can generally only be
done numerically, as these variables depend on each other. The relationships between these
variables are described with the help of the equations of movement and the necessary consti-
tutive relations or equations of state (see Chapter 1, 4 and 5). For �uid mechanics, a solution
approach - stemming from mathematics - for certain �ow probl ems has been proven as notedly
helpful: the concept of potential �ow , going back to Helmholtz.1 With this, the velocity �eld can
be calculated beforehand, uncoupled from the �eld variable pressure. Afterwards, the reference
to the pressure �eld can be made with the help of the equation o f motion.

In Chapter 6.1 an introduction is given to the terms rotation-free (irrotational) and rotational ideal
�ow - potential �ow. Chapter 6.2 then deals with irrotationa l �ow, or in short: potential �ow.
Here, the great practical importance of irrotational potential �ows is shown for describing and
interpreting complex �uid processes. In Chapter 6.3 a very i mportant special case of �ow with
friction is investigated, seepage �ow.

6.1 Irrotational and rotational ideal �ows – potential �ow

We speak about ideal �ow, if the in�uence of friction – which m eans viscous effects and turbulent
apparent stresses – only plays a negligible role. As an example, we look at a submerged cylin-
der. At the front, streamlines and pressure distributions are practically not in�uenced by friction.
However, at the back of the cylinder, �ow separation and vort ices occur due to friction (Fig. 6.1).
The validity of the approaches in this chapter would therefore be restricted to the front of the
cylinder only.
The velocity �eld of a �ow can be divided into an irrotational and a rotational part. The term
'rotation of a �uid' was already introduced in Chapter 3: the re exists a connection between the
velocity vector and rotation vector

w =
1
2

rot v: (6.1)

1A potential is a quantity (�eld variable), of which the valuebetween a start condition and an end condition is
independent of the path between those two points. The variables to be derived from the potential can be found by
calculating gradients (partial derivatives after the spacial coordinates).

77
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Figure 6.1: Rotation of a �ow: a) rotational and b) irrotational �ow

In Fig. 6.1 the physical interpretation of rotation is shown. The irrotational �ow ( w = 0) differs
from the rotational �ow in such a way, that in the latter case e ither all �owing �uid particles
or at least a certain group of them perform elementary rotations (w 6= 0). In Chapter 5 it has
been shown, that irrotational �ows are solutions of the Eule r equation (frictionless �ow). This
statement is also valid for �uids with constant density ( r = const:) as well as with changing
density (r = r (p)). In order to describe a rotation-free �ow, a scalar potenti al function can be
introduced. In the case of a rotational �ow, the potential fu nction is a vector. Therefore, the
corresponding �ows can also be called an irrotational or rot ational potential �ow.

6.2 Irrotational frictionless (ideal) �ows

6.2.1 Requirements and basic relationships

The condition for irrotationality of a velocity �eld v(x;t) is, by introducing a scalar potential func-
tion 2, also called (scalar) velocity potential function F (x;t) where

v = ÑF : (6.2)

Please note that due to rot (ÑF ) = 0 it is also automatically ful�lled that rot v = 0. The velocity
components in Cartesian coordinates are:

vx = u =
¶F
¶x

vy = v =
¶F
¶y

vz = w =
¶F
¶z

(6.3)

For planar �ow (x-y-plane) with the velocity components vx = ¶F=¶x and vy = ¶F=¶y as well as
the rotation around the z-axis w

w =
1
2

�
¶vy

¶x
�

¶vx

¶y

�
=

1
2

�
¶2F
¶x¶y

�
¶2F
¶y¶x

�
� 0 (6.4)

the condition of irrotationality can easily be proven.
In order to describe the velocity �eld v(x;t) with the help of Eq. (6.2), now a conditional equation
must be provided, with which the potential function can be determined. Of all balance equations,

2The potential functionF (x;y) forms e.g. in the x-y-plane a surface, where the lines described byF (x;y) =
const: are called equipotential lines or in short potential lines of the �ow.
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for this case the continuity equation comes into question and for �ows with change of density,
additionally the energy balance equation has to be considered.
If according to Eq. (6.2) a velocity potential F is chosen, then the continuity equation (compare
Eq. (5.11) or (5.10))

Ñ� v = 0 or
¶u
¶x

+
¶v
¶y

+
¶w
¶z

= 0 (6.5)

leads to the Laplaceequation:

Ñ2F = DF = 0 or
¶2F
¶x2 +

¶2F
¶y2 +

¶2F
¶z2 : = 0 (6.6)

In the case of solid boundaries, the Neumannboundary conditions (natural boundary conditions)
have to be considered (for explanation of t and n see Fig. 6.2):

v k t or v ? n (6.7)

! v � n = 0 or
¶F
¶n

= 0 (6.8)

In the case of real �ow (with friction), the adhesion constra int has to be included (see boundary
layer theory), whereas in the case of the here addressed ideal �ow a tangential velocity occurs
at the boundary.

t

n

Figure 6.2: Component in tangential and normal direction at the boundary

6.2.2 Potential lines and streamlines

As shown in the previous section, the velocity vector v = ( vx;vy) includes the gradient direction
of the solution function.
The potential function F (x;y) forms a surface above the x-y-plane where the lines described by
F (x;y) = const: are the potential lines of the �ow. Because of

vx =
¶F
¶x

and vy =
¶F
¶y

(6.9)



CHAPTER 6. POTENTIAL FLOW
Dept. of Hydromechanics & Modeling of Hydrosystems, Inst. of Hydraulic Engineering, Univ. Stuttgart 80

the velocity vector is perpendicular to the potential lines. If we ful�ll the continuity equation, we
obtain the Laplaceequation (6.6)

Ñ� v = Ñ2F = DF = 0 ; (6.10)

as already mentioned. Furthermore, the potential �ow is irr otational, which means that with
rot v = 0 it is valid for the planar case that

¶vy

¶x
�

¶vx

¶y
=

¶2F
¶x¶y

�
¶2F
¶x¶y

; (6.11)

if F is continuously differentiable two times and the partial differentiation for x and y can therefore
be interchanged.
Next to F , a second function Y is introduced, where the irrotationality leads to the Laplace
equation DY = 0 and contrarily the continuity equation is ful�lled automat ically. With

vx =
¶Y
¶y

and vy = �
¶Y
¶x

(6.12)

the velocity vector v = ( vx;vy) runs tangentially to the line Y(x;y) = const:, which means that Y
is a stream function. Let dt be the tangent vector. Furthermore, the vector product of v and dt is
described by

v � dt = ( vx;vy;0) � (dx;dy;0) = ( 0;0;vxdy� vydx): (6.13)

The parallelogram formed by v and dt becomes zero under the following condition:

vxdy� vydx=
¶Y
¶x

dx+
¶Y
¶y

dy= 0 (6.14)

So if it holds that Y = const:, all directions of v and dt coincide. With this, Y(x;y) = const: is a
streamline. The streamline Y ful�lls the continuity equation:

Ñ� v =
¶2Y
¶x¶y

+
¶2Y
¶x¶y

= 0 ; (6.15)

if Y is continuously differentiable two times. Furthermore, Y ful�lls the Laplaceequation, be-
cause a potential �ow is irrotational.

¶vy

¶x
�

¶vx

¶y
= �

¶2Y
¶x2 �

¶2Y
¶y2 = � DY = 0 : (6.16)

With the de�nition F (x;y) = const: ? v and Y(x;y) = const: k v we can see, that potential lines
and streamlines intersect each other in a right angle (see Fig. 6.3).
From Eqs. (6.9) and (6.12) the Cauchy-Riemannequation is derived:

¶F
¶x

=
¶Y
¶y

and
¶F
¶y

= �
¶Y
¶x

: (6.17)
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Stromlinie

Potentiallinie

v

Figure 6.3: Relationship between streamline and potential line

6.2.3 Graphical method – �ow nets

The graphical solution of the Laplaceequation is based on the Cauchy-Riemannequations and
the statement, that the lines F = const: and Y = const: are an orthogonal set of curves. It holds
that

4 F
4 s

=
4 Y
4 n

(6.18)

where 4 sand 4 n are the distances between potential lines and streamlines, respectively. If we
choose 4 s = F i+ 1 � F i = const: and 4 Y = Y j+ 1 � Y j = const: = 4 Q = const: we obtain
from this

4 F
4 s

=
4 Y
4 n

= C: (6.19)

If the constant becomes 1 (C = 1), which means that the distances between potential lines and
streamlines are chosen equally large, the result will be an orthogonal �ow net. One mesh is
called 'quadratic', if a circle can be inscribed in it or if the diagonals intersect in a right angle.
This method can be applied to all potential �ows.

The procedure of constructing such a mesh is as follows:

� De�ne the area of �ow, where the �ow net is to be constructed.

� Determine the boundary conditions. Generally, one part of the boundary conditions are
streamlines and the other part potential lines.

� When constructing the mesh, which is done by trial, the following items have to be kept in
mind:

– the single meshes have to be quadratic,

– the streamlines - including boundary streamlines - have to be perpendicular to the
potential lines - including boundary potential lines.

– Streamlines must not touch or intersect. The same is valid for potential lines.

In the following, some examples of �ow nets are shown.
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Construction of a quadratic net

nD sD

DY = Y i+1- Y i = DF = const.

= i const.DF = F i+1- F
FFF

Yi

circle within the square
stream-
lines
potential
lines

1 2 3 F i

Y 2
Y1

boundary streamline

Figure 6.4: Construction of a quadratic net

The discharge of a stream tube, bordered by Y 1 and Y 2, can be calculated by:

4 q = v4 n =
¶Y
¶n

4 n =
4 Y
4 n

4 n = 4 Y (6.20)
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Figure 6.5: Stagnation point

As it can be seen from Figures 6.4, 6.5 and 6.6, the �ow net give s information about the relative
magnitude and direction of the velocities in a �ow �eld. With this, the following �ow properties
can be derived for given boundary conditions:

� Distribution of velocity; the smaller the meshes, the larger the velocity
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Figure 6.6: Flow in bends

� Pressure distribution

� Discharge

6.3 Seepage �ow in porous media

In addition to the irrotational frictionless potential �ow s, rotational frictionless potential vortex �ow
and, under certain circumstances, �ow with friction can be d escribed based on potential theory.
In this section, seepage �ows through porous media are discu ssed as a problem statement
for potential �ow. These problems are of special importance for groundwater �ow, which is a
laminar �ow with friction. In the lecture Environmental Fluid Mechanics Igroundwater �ow will
be discussed in more detail.

6.3.1 Creeping �ow – Laplace equation

6.3.1.1 Simplifying the Navier-Stokes equation towards the Laplace equation

The movement of water in porous media, e.g. the soil, is generally very slow. In many cases,
the Reynolds number is smaller than 1 for these �ow processes . Therefore, �ow of water in the
soil and in porous media in general can be treated as creeping �ow. For this case, in the Navier-
Stokes equation (5.34) the inertial terms dv=dt can be neglected compared to the viscous terms
µÑ2v which yields

f �
1
r

Ñp+ nÑ2v = 0 : (6.21)

If we further presume the mass forces f with the potential U to f = ÑU , we obtain

Ñ(U �
1
r

p)+ nÑ2v = 0: (6.22)
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Furthermore, the continuity equation Ñ� v = 0 is valid. With Ñ� (Ñ2v) = Ñ2(Ñ � v) = 0 we obtain

Ñ2
�

U �
1
r

p
�

= 0 : (6.23)

The �ow is therefore described by a function F = U � 1
r p, which ful�lls the Laplaceequation

Ñ2F = DF �
¶2F
¶x2 +

¶2F
¶y2 +

¶2F
¶z2 = 0 (6.24)

In the case of seepage �ow, the mass forces are gravity forces :

f = ( 0;0; � g) = Ñ(� gz) d.h. U(x;y;z) = � gz; (6.25)

and if we divide Eq. (6.23) by (� g) and apply the de�nition of the piezometric head after Eq.
(2.11), we obtain

Ñ2h = Dh =
¶2h
¶x2 +

¶2h
¶y2 +

¶2h
¶z2 = 0 : (6.26)

The pressure grade line h, also called piezometric head, ful�lls the Laplaceequation. In or-
der to solve the Laplaceequation, analytical or graphical methods can be used, as explained.
Furthermore, numerical methods can be used, as will be shown in the next chapter.

6.3.2 Creeping �ow – Darcy law

6.3.2.1 General introduction

In Germany, groundwater makes up the largest part of the drinking water supply (70%). In
recent years, news about anthropogenic (man-made) impacts on the quality of groundwater has
become more common. The quality of groundwater became a topic long after the quality of
surface water or the atmosphere, because

� the subsurface poses an ef�cient �lter for many substances i n the water, where only very
mobile pollutants can contaminate larger areas of an aquifer.

� due to the small propagation velocity in an aquifer, the contaminations are discovered long
after their initial occurrence. (This also means, that only very long-living pollutants can
lead to a contamination of larger parts of aquifers.)

� more and more pollutants reach the subsurface due to an increase in agricultural and
industrial actions and the development of new, more stable substances, which already
cause a drinking water contamination in very low concentrations.

As pollutants or contaminant sources, we can consider:

� Bacterial contamination

This well known pollution lead to the introduction of protection zones around water catch-
ments.
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� Mineral oil products

Most accidents today are concerned with mineral oil products.

� Chlorinated Hydrocarbons (CHC)

Due to their harfulness, the small degradation rate and high mobility in dissolved form, a
limiting value of 20µg/l was established.

� Nitrate

In areas with intensive agricultural activities, the content of nitrate in the groundwater in-
creased over the last 30 years with a rate of 0.5 to 3 mg/l. Due to new directives, 5 to 8%
of the extracted groundwater in Germany has a nitrate level which is too high. Nitrate is
transformed in the body to nitrite, which is toxic.

� Poisons, heavy metals, pesticides

� Land�ll sites

A multitude of dangerous substances can leak from land�ll si tes by failure of containers,
leakages in sealings etc.

� Industrial companies, farming

� Subterranean intermediate or �nal deposition sites for che mical or radioactive substances

The directive to avoid the entering of contaminants into the groundwater must be followed care-
fully, as contaminants are not easily removed (if possible at all). The treatment of groundwater
contamination is an interdisciplinary task, where geologists, chemists, hydrologists, microbiolo-
gists etc. have to work together.

6.3.2.2 Classi�cation, de�nition

The propagation of substances in the subsurface differs according to the type of substance, how
it enters the subsurface, the type of aquifer, the �ow proces ses etc. The transport processes can
be classi�ed by the following criteria:

1. type of aquifer

� pore aquifer and fractured aquifer

For the groundwater supply in Germany, pore aquifers play a more important role
than fractured aquifers. Therefore, only pore aquifers are considered in the following.

2. type of �ow

� saturated and unsaturated conditions

The horizontal distribution of substances mainly takes place in the saturated zone.
The substances transported by seepage water through the unsaturated zone gener-
ally move in the vertical direction. Differences between the transport in the saturated
and unsaturated zone result from the underlying �ow �eld. In general, the vertical
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transport through the unsaturated zone is considered apart from the transport in the
saturated zone. In the following, only �ow and transport pro cesses taking place in
the saturated zone are considered.

� substances, which are soluble with water (dissolved) or not soluble

The transport of substances immiscible with water (e.g. mineral oil products, chlori-
nated hydrocarbons) follows the laws of multiphase �ow, whi ch means that the trans-
ported substance is a phase, just like water. Immiscible substances can become
immobile when reaching a residual saturation which cannot be reduced further or
when reaching an impermeable layer. Transport across larger distances is only pos-
sible for undissolved substances, so only this will be considered in the following.

� hydrodynamically active and inactive concentrations

Depending on the concentration, the dissolved substances act on the �ow by gravi-
tational effects as well as by changing the kinematic viscosity and the density of the
�uid. Whereas in the case of low concentrations, the �ow is ne arly independent of
the transported substance; in the case of high concentrations, a feedback occurs
from the transport process to the �ow. Problematic pollutan ts generally arise in such
low concentrations (except in the direct vicinity of discharge) that density effects can
be neglected.

3. type of transported substance

� ideal tracer and substances with adsorption and chemical reaction

The ideal tracer is a substance which follows the water movements. It is present
in hydrodynamically inactive concentration and experiences neither adsorption nor
chemical degradation or decomposition. 'Adsorption' means that the substance ei-
ther physically or chemically is bound to the surface of solid material (e.g. soil parti-
cles). Physical adsorption is, in general, reversible, whereas chemical adsorption is
generally irreversible.

4. type of transport

� advection and diffusion, dispersion

If we look at an ideal tracer and consider a volume element which is small compared
to the size of a single pore (microscopical approach), only two fundamental transport
processes exist. One is the advection (sometimes also called convection) caused by
the velocity �eld of the underlying �ow. The other is diffusi on, caused by Brownian
molecular movement, which evokes transport in the direction of decreasing concen-
tration.

In larger areas, the mean values of the velocity have to be included when describing
transport (macroscopic approach). All transport effects caused by inhomogeneities
of the �ow �eld, whose magnitudes are below the size of the ave raging volume, are
combined in the dispersion. Depending on the size of the averaging volume, the
causes for the inhomogeneities of the �ow �eld differ. In cas e of the microscopic
approach, the variability of the velocity arises due to the velocity pro�le in a single



CHAPTER 6. POTENTIAL FLOW
Dept. of Hydromechanics & Modeling of Hydrosystems, Inst. of Hydraulic Engineering, Univ. Stuttgart 87

Figure 6.7: Effects of grain-induced dispersion (after Kinzelbach, 1987) [?]

pore. If the averaging volume contains more than one pore, the variability of the pore
size and the de�ections by the soil grains also have to be incl uded (see Fig. 6.7).

When the averaging volume is enlarged further, the velocity �uctuations are mainly
caused by inhomogeneities in the aquifer (e.g. lenses with different permeabilities -
macro-dispersion, see Fig. 6.8).

The basis of the averaging processes is the transition from the discrete system in
nature to a ”continuum model”. Here, no longer the single values are considered
at mathematical points in the system, but average values are taken, which have
been obtained for certain volumes. In contrast to an approach which describes the
behavior of each single molecule or particle of a substance (microscopic approach),
the average process leads to a macroscopic approach. With this comes the transition
from a mathematical to a physical point. The physical point represents the medium
in the surrounding of this point. As a characteristic value for the size of a volume for
which the average process is made, the representative elementary volume (REV) is
introduced (see Bear, 1972 [?]).

To characterize a representative elementary volume for a porous medium the poros-
ity n is chosen, i.e. the relation between pore volume to total volume. If we look
at a sequence of volumes V we obtain the following (see Fig. 6.9): For large V the
porosity n changes continously for a change in V if the considered medium is inho-
mogeneous. If we further decrease V we come into a region where no changes of n
occur when V changes. Below a certain volume Vo large �uctuations of n can be ob-
served - this happens, when the volume V approaches the size of a single pore. If V
approaches zero, we obtain for n either the value one or zero, depending of whether
V is located in a pore or in a grain. The volume Vo therefore de�nes the size of the
REV for a porous medium.

On the one hand, the representative elementary volume has to be much smaller than
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Figure 6.8: Reasons for the variability of the transport velocity for different spacial scales (after
Kinzelbach, 1987) [?]

the considered area of interest, because otherwise the averaging process does not
allow statements for a point inside the domain. On the other hand, the REV has to be
much larger than a single pore so that it can contain a number of pores large enough
in order to perform the averaging process underlying the continuum concept (Bear,
1972).

In the following sections, �ow and transport processes of hy drodynamically passive substances
in a porous medium are discussed. For these discussions it is allowed that the substances
behave in a non-conservative type of way. All of the following derivations are valid for the plane
case, i.e. for �ow and transport processes which happen in th e x-z-plane.

6.3.2.3 Groundwater �ow

The calculation of transport requires the knowledge of the groundwater �ow. In the transport
equation, the averaged velocity va (averaged for a representative volume (REV)) occurs. With
this velocity the advective transport takes place. It is related to the �lter velocity v f by the effective
porosity ne:

va =
v f

ne
(6.27)

The effective porosity is - for the case of a sand with single grain size - identical to the pore
volume n. In natural aquifers, however, the effective porosity is generally smaller than the pore
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Figure 6.9: De�nition of a REV for a porous medium (after Bear, 1972) [?]

volume, as e.g. immobile water in dead-end pores or water bound to the soil matrix (clay) is
present (see Fig. 6.10).

flow channel

"dead-end-pore"

contribute to discharge)
(void space does not

for discharge
void space available matrix

water

Figure 6.10: Immobile water

Neither the distance velocity va nor the �lter velocity v f can be observed directly. Porosity and
distance velocity are parameters which generally have to be calculated from tracer experiments
and concentration measurements. The observable parameter which is considered for describing
the �ow �eld is the piezometric head (pressure head).

h =
p

r g
+ z (6.28)

The connection between the �lter velocity v f and the piezometric head h is de�ned by the Darcy
law:

v f = � K f � Ñh (6.29)



CHAPTER 6. POTENTIAL FLOW
Dept. of Hydromechanics & Modeling of Hydrosystems, Inst. of Hydraulic Engineering, Univ. Stuttgart 90

reference horizon

piezometer

z

h

gr
p

Figure 6.11: De�nition of the piezometric headh [?]

or for the two-dimensional case:
�
vf ;x
vf ;z

�
= �

�
kf ;xx kf ;xz
kf ;zx kf ;zz

� "
¶h
¶x
¶h
¶z

#

with kf ;xz = kf ;zx

The symmetric tensor K f is called the tensor of hydraulic conductivity. For isotropic material it
holds that

kf ;xx = kf ;zz= k

and
kf ;xz = kf ;zx = 0

For a homogeneous aquifer, k is independent of x and z (k = const). The conductivity tensor K f
then becomes a scalar value kf . kf has the dimensions of a velocity (k [m=s]) and depends on
the porous medium as well as on the �owing �uid. With this, the Darcy law (6.29) turns to

v f = � kf � Ñh (6.30)

or

�
vf ;x
vf ;z

�
= � k

"
¶h
¶x
¶h
¶z

#

The scope of the Darcy law is limited to laminar �ow. As a measure for this, the Reyno lds number

Re=
v� d
n

; n =
µ
r

can be used. Practical applications show, that the Darcy law is valid as long Relies between 1
and 10.
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For large-scale computation models, the groundwater-bearing zone generally is neither homoge-
neous nor isotropic. Inhomogeneities, for example, based on geologically induced accumulation
processes. Furthermore, the conductivity can be anisotropic when, for example, a material with
�at grains is deposited with a certain direction. This leads to different conductivities depending
on the direction of �ow. For this case, we can choose a x� z-coordinate system, which coincides
with the main directions of the conductivity (see Fig. 6.12).

x

z

Q

x

z

vz

vx

Figure 6.12: Main directions of conductivity for an anisotropic medium

The �ow law (6.30) then turns into the following:
�
vf ;x
vf ;z

�
= �

�
kf ;x 0
0 kf ;z

� "
¶h
¶x
¶h
¶z

#

From the mass balance for a control volume (see Fig. 6.13) we then obtain the continuity equa-
tion

�
¶
¶x

(r vf ;x)dxdz�
¶
¶z

(r vf ;z)dzdx
| {z }

in-�owing minus out-�owing mass �ux
(across the boundaries)

 �ux term

=
¶
¶t

(nr )dxdz
| {z }

rate of mass change in control
volume

 accumulation term

(6.31)

In equation (6.31), n describes the total porosity (i.e. also the part of the pores where no �uid
�ow takes place). Porosity n and density r slightly depend on the pressure:

¶(nr )
¶t

=
d(nr )

dp
�
¶p
¶t

=
r S0

r 0g
�
¶p
¶t

(6.32)

Here, r 0 denotes the density of the water under no pressure. S0 is the speci�c storage coef-
�cient. It describes how many m 3 water per m3 of aquifer can be stored for a change of the
piezometric head by Dh = 1 m (S0 [1=m]). When we consider Eq. (6.32) we can transform Eq.
(6.31) to:

¶(r vf ;x)
¶x

+
¶(r vf ;z)

¶z
+

r S0

r 0g
�
¶p
¶t

= 0 (6.33)
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Figure 6.13: Mass balance at a control volume

If differences in density between water under pressure and water under no pressure can be
neglected and the density is independent of space (r 0 � r = const:), Eq. (6.33) turns to

¶vf ;x

¶x
+

¶vf ;z

¶z
+

S0

r g
�
¶p
¶t

= 0

or with Eq. (6.28)
¶vf ;x

¶x
+

¶vf ;z

¶z
+ S0

¶h
¶t

= 0

or

Ñ� v f + S0
¶h
¶t

= 0 (6.34)

For steady-state conditions it holds that

¶vf ;x

¶x
+

¶vf ;z

¶z
= 0

or

Ñ� v f = 0 (6.35)

By inserting the Darcy law (which corresponds to the momentum equation for groundwater �ow)
into the continuity equation, we obtain for the steady-state case the Laplaceequation:

Ñ� (� K f Ñh) = 0 (6.36)

or for a homogeneous groundwater system for the two-dimensional case:

kf

�
¶2h
¶x2 +

¶2h
¶y2

�
= 0 : (6.37)



CHAPTER 6. POTENTIAL FLOW
Dept. of Hydromechanics & Modeling of Hydrosystems, Inst. of Hydraulic Engineering, Univ. Stuttgart 93

This again corresponds to the Laplaceequation. Therefore, the knowledge about potential �ows,
which were derived initially for an ideal �uid, can be transf erred to groundwater �ow. We have
to bear in mind that the description of groundwater �ow is bas ed on the theory of real �uids.
Only with the bridging from the equation of motion for the steady-state groundwater �ow to the
Laplaceequation is a transfer possible.
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6.4 Summary

� An ideal, non-rotational �ow can be considered a potential � ow.

� The relationship between the potential function F (x;y) and the velocity vector v = ( vx;vy)
(2D case) can be described as follows:

vx =
¶F
¶x

and vy =
¶F
¶y

� The velocity vector is perpendicular to the potential lines F (x;y) = const:

� The relationship between the stream function Y(x;y) and the velocity vector v = ( vx;vy)
(2D-case) can be described as follows:

vx =
¶Y
¶y

and vy = �
¶Y
¶x

� The velocity vector is oriented parallel to the streamlines Y(x;y) = const:

� Potential lines and streamlines are perpendicular to each other. It holds that:

v =
4 F
4 s

=
4 Y
4 n

� The �ux q across the entire cross-section is the sum of the �uxes throu gh the individual
stream tubes, which can be calculated using the following equation

4 q = v4 n = 4 Y

� The seepage �ow (consideration of a real �uid) can be describ ed as potential �ow and
ful�lls the Laplace equation

Ñ2F = DF �
¶2F
¶x2 +

¶2F
¶y2 +

¶2F
¶z2 = 0

� Groundwater �ows are described by the Darcy equation:

v f = � K f � Ñh
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6.5 Exercises

1. Potential lines ...

a) ... are oriented perpendicular to the velocity vector.

b) ... never cross the streamlines.

c) ... are oriented parallel to the velocity vector.

d) ... maintain a constant distance from each other.

e) ... are never curved.

2. The Laplace equation ...

a) ... corresponds to the continuity equation.

b) ... is valid when the Reynolds number is greater than 10.

c) ... describes the inertia of a �uid.

d) ... is derived from the Bernoulli equation.

e) none of the above.

3. The Darcy equation states that ...

a) ... the linear velocity is larger than the �lter velocity.

b) ... the ground water gradient is proportional to the velocity vf .

c) ... the piezometric head h must be determined through pump tests.

d) ... there is a relationship between the piezometric head h and the hydraulic conductivity
kf .

e) ... every porous medium is water permeable.

4. A wooden board is ...

a) ... a homogeneous medium.

b) ... a heterogeneous medium.

c) ... an isotropic medium.

d) ... an anisotropic medium.



Chapter 7

Computational Fluid Dynamics (CFD)

As already mentioned, the complex hydromechanical processes, which occur in natural systems
as well as in technical facilities, can no longer be solved analytically. In this chapter, a short intro-
duction to numerical modeling is given considering groundwater �ow as an example. This topic
is discussed in more detail in the lecture Modeling of Hydrosystems, where it also is considered
for other �ow problems.

7.1 Overview

For the Finite Difference Method a numerical grid is constructed over the domain, where the
lines of the grid correspond to coordinate lines. Commonly, the grids are structured, i.e. the
indices of the nodes along a coordinate line are monotonically increasing. In the Finite Difference
Method the differential quotients from the conservation equations are approximated at the nodes
by difference quotients.
For the Finite Volume Method a numerical grid is laid over the domain just like for the Finite
Difference Method. The differential quotients of the differential equations, however, are not ap-
proximated directly, but the partial differential equations are integrated over control volumes. By
this integration, balance equations are obtained which ensure a 'conservative discretization',
which means that what �ows out from one control volume has to � ow into the neighboring control
volume.
Finite Element Methodsdiffer from Finite Difference Methods and Finite Volume Methods ba-
sically in such a way, that the partial differential equations are not solved directly, but so-called
weak solutions are sought by minimizing an integral. Finite Element Methods are not restricted
to structured grids, and in general, grids can be used with different element geometries (e.g.
triangles, quadrilaterals).

7.1.1 Simple difference approximation

In the following, we speak of a simple difference method if

� it is based on an orthogonal grid,

� differential quotients are approximated by a linear expression,
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� no connection is made to diagonally neighboring nodes.

The derivation for these conditions is possible in several ways, which each have different ad-
vantages. For �ow processes the easiest way to set up a system of difference equations is by
considering the volume �ux for a central volume element 0, wh ich is associated to one node.

D

D

D

x

y

z

2 0 1

z

y

x

3

4

Figure 7.1: Dividing the domain in volume elements

System of difference equations

For the amount of water exchanged across the faces of the volumes with the neighbor nodes as
well as for a possibly present injection or extraction from the outside, the continuity equation is
valid for steady-state conditions for horizontal plane �ow with constant density:

4

å
i= 1

Qi + Q0 = 0 : (7.1)

For simpli�cation reasons, we consider constant distances between the nodes in the coordinate
direction (Dx and Dy), and if we assume homogeneity and isotropy, it follows with the �ow law by
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Darcy

T
�

Dy
Dx

(h1 � h0) +
Dy
Dx

(h2 � h0) +
Dx
Dy

(h3 � h0) +
Dx
Dy

(h4 � h0)
�

+ Qo = 0

or (7.2)

T
�

h1 � 2h0 + h2

(Dx)2 +
h3 � 2h0 + h4

(Dy)2

�
+

Q0

A
= 0

Where T =
R

z
K f dz is the transmissivity and A = DxDy.

Taylor series approach

The derivation of the difference equations by Taylor series is not so illustrative, it has, however,
the advantage that difference approximations of higher order can be derived. It additionally
enables an examination of the discretization error by regarding the neglected terms of the Taylor
series.
The piezometric head h1 (or in general the dependent variable) at the point x+ aDx, i.e. at the
neighboring node in a grid in the positive x-direction, can be described by the piezometric head
h0 at the central node by Taylor series:

h1 = h0 +
aDx
1!

¶h0

¶x
+

(aDx)2

2!
¶2h0

¶x2 + : : : : (7.3)

Neglecting terms of higher order leads to the forward difference quotient

¶h0

¶x
=

h1 � h0

aDx
�

1
aDx

"
(aDx)2

2!
¶2h0

¶x2 + : : :

#

: (7.4)

The error of the approximation is mainly caused by the �rst ne glected term. It is proportional
to Dx and is therefore called an error of �rst order or O(Dx). With this, a bisection of the mesh
length leads to a halving of the numerical error.
Similarly, we obtain in the negative x-direction

h2 = h0 +
� Dx
1!

¶h0

¶x
+

(� Dx)2

2!
¶2h0

¶x2 + : : : (7.5)

and with this the backward difference quotient

¶h0

¶x
=

h0 � h2

Dx
: (7.6)

If Eq. (7.5) is subtracted from Eq. (7.3), we obtain the central difference quotient

¶h0

¶x
=

h1 � h2

(1+ a)Dx
: (7.7)
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The error is
¶2h0

¶x2
(1� a)Dx

2!
�

¶3h0

¶x3
(1+ a3)(Dx)2

(1+ a)3!
+ : : :

and is again of �rst order. For equidistant node spacing a becomes 1 and the error is of second
order O(Dx2). Fig. 7.2 shows the graphical representation of the forward, backward, and central
difference quotient.

x

h(x+
h(x)

h(x- Dx)

1

h2

h

h0

x- Dx aDxx+

x)aD

Figure 7.2: Different difference quotients

Considering a further term of the series and eliminating ¶h0
¶x from the equations (7.3) and (7.5)

yields
¶2h0

¶x2 =
2

a(1+ a)(Dx)2 [h1 � (1+ a)h0 + ah2] : (7.8)

If we look at the neglected terms we see that the error is of �rs t order for non-uniform grid
spacing, however, for uniform grid spacing ((a = 1)) it is of second order. A bisection of the
distance between two nodes therefore leads to a reduction of the error by a factor of 4.
If we substitute the differential quotients in

Txx
¶2h
¶x2 + Tyy

¶2h
¶y2 + q = 0 (7.9)

according to Eq. (7.8), we again obtain the difference equation (7.2). It describes the piezometric
head h at a central node depending on the neighbor nodes. This equation has to be set up for
each node in the grid so that it leads to a system of equations where the number of equations is
equal to the number of the unknown nodal values.

Interpolation polynomial

The third method of deriving a difference approximation is by using interpolation polynomials.
In order to approximate the n-th derivative of a function, a polynomial of the order m is chosen,
where it holds that m � n. This polynomial is determined in such a way that its values corre-
spond to the given function in n+ 1 points. Then, the n-th derivative of the polynomial is an
approximation for the n-th derivative of the function.
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D ax Dx

h

h*

h

i+1i

x

i-1

Figure 7.3: Approximation of function h by a polynomialh�

In order to approximate the derivatives ¶2h
¶x2 and ¶2h

¶y2 in equation (7.9), a polynomial h� is chosen

which corresponds to the function in three points (see Fig. 7.3).

h� = Ax2 + Bx+ C (7.10)

To determine the coef�cients A, B and C for simplifying reasons the node i is put at x = 0. We
then get

hi� 1 = h� (� Dx) = Ax2
i� 1 + Bxi� 1 + C = A� (Dx)2 � B� Dx+ C

hi = h� (0) = Ax2
i + Bxi + C = C

hi+ 1 = h� (aDx) = Ax2
i+ 1 + Bxi+ 1 + C = A� (aDx)2 + B� aDx+ C

(7.11)

Equations (7.11) can be rearranged to �nd the coef�cients

A =
1

a(1+ a)(Dx)2 [h� (aDx) � (1+ a)h� (0)+ ah� (� Dx)]

B =
1

a(1+ a)Dx

�
h� (aDx) � (1� a2)h� (0) � a2h� (� Dx)

�
(7.12)

C = h� (0) :

An approximation of ¶h
¶x and ¶2h

¶x2 for arbitrary x can be obtained from the derivative of Eq. (7.10).

¶h
¶x

�
¶h�

¶x
= 2Ax+ B

¶2h
¶x2 �

¶2h�

¶x2 = 2A

(7.13)
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By inserting the coef�cients A and B we get for node i:

¶h�
i

¶x
=

1
a(1+ a)Dx

�
hi+ 1 � (1� a2)hi � a2hi� 1

�

¶2h�
i

¶x2 =
2

a(1+ a)(Dx2)
[hi+ 1 � (1+ a)hi + ahi� 1] : (7.14)

The approximation of the second derivative is identical to the equation (7.8) produced by the
Taylor series expansion. The approximation of the �rst deri vative can likewise be obtained by
Taylor series expansion by substituting the second derivative in Eq. (7.3) by Eq. (7.5). We can
observe that in this case the error is of second order, the approximation is therefore more exact
than the one de�ned by Eq. (7.7).
Approximations for higher orders can be derived by using polynomials of higher order. The num-
ber of nodes where the given function and the approximation functions coincide is accordingly
increased.
In contrast to the Taylor series expansion this method does not allow an estimation of the nu-
merical accuracy and is therefore only rarely applied in connection with the Finite Difference
Method. It does, however, reveal a property of the simple difference scheme in the case shown
here. We can see that according to Eq. (7.8) and (7.14) the dependent variable (in this case
the piezometric head) is a function of second order between two nodes. With this, a continuous
velocity �eld is obtained.

7.1.2 Consideration of Inhomogeneities

Eq. (7.2) was derived by the assumption that the transmissivity T is constant in the considered
domain. For most cases though, spatially variable values have to be allowed for. They can
result from changes in conductivity and/or changes of the groundwater thickness in the aquifer.
Generally it holds that:

T(x;y) = kf (x;y) � m(x;y) : (7.15)

For the calculation we assume that inside the volume element �xed by the grid the conductivity
kf and the groundwater thickness mare constant. Here, we have to distinguish two cases, which
lead to different equations for the resulting system properties (see Fig. 7.4):

I) the considered nodes are mesh-oriented, which means they lie on the intersections of
the grid lines. Elements with constant system properties are bordered by four nodes.

II) the considered nodes are element-oriented, which means they lie in the middle of a
volume de�ned by grid lines (Finite Volume Method). Element s with constant system
properties are assigned to one node.

From a practical point of view, this difference in assignment is not signi�cant.

For the derivation of the equation for the above mentioned cases again the volume �ux between
two grid-nodes is considered.
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I) II)

Element

B

A

T
i

A

B

T
i

Figure 7.4: Assignment of nodes and elements with constant properties

A

y

x

B

xD

D y 1

D 2y

T 2

T 1

Figure 7.5: Mesh-oriented nodes

For a mesh-oriented grid (see Fig. 7.5) the total volume �ux QAB between the nodes A and B
is composed of a part in element 1 and a part in element 2.
For the partial �uxes it follows from Darcy's law:

QAB1 = T1 �
Dy1

2
�
hB � hA

Dx

QAB2 = T2 �
Dy2

2
�
hB � hA

Dx

QAB =
T1 � Dy1 + T2 � Dy2

2Dx
(hB � hA) : (7.16)

For a square grid with Dx = Dy we get

QAB =
T1 + T2

2
(hB � hA) : (7.17)

A comparison with Eq. (7.2) shows that for the transmissivity, which determines the volume �ux
between A and B, the arithmetic mean value of the single transmissivities has to be chosen.
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For an element-oriented grid (see Fig. 7.6) QAB is obtained by the requirement that the conti-
nuity equations must be ful�lled at the boundaries of the ele ments. This means that the amount
of out�owing water from element 1, Q1, has to be equal to the in�owing water into element 2, Q2

y
x

2

BA

1
D Dx x

D

T
1 T

2

y

Figure 7.6: Element-oriented nodes

If we refer to the piezometric head at the border of the elements on the connecting line between
the nodes A and B by hG, we obtain

Q1 = QAB = T1 � Dy
hG � hA

Dx1=2

Q2 = QAB = T2 � Dy
hB � hG

Dx2=2
: (7.18)

By eliminating the unknown piezometric head hG in those two equations, it follows that

QAB =
2Dy� T1 � T2

T1 � Dx2 + T2 � Dx1
(hB � hA) (7.19)

and for a square grid this leads to

QAB =
2T1 � T2

T1 + T2
(hB � hA) : (7.20)

A comparison with Eq. (7.2) shows that in this case the resulting transmissivity is the harmonical
mean value of the single transmissivities.

7.1.3 Integral Finite Difference Method / Finite Volume Method

The integral difference method, which goes back to Southwell (1946), showed possibilities to
use irregular grids for difference approaches. McNeal advanced this method with consideration
of using these methods with analog computers (at that point in time, these were mainly passive
electrical networks). The name is based on the derivation, which is based on an integration of
the differential equation for groundwater �ow.
As a starting equation we have Q as a volume of groundwater, which is for example taken from
the control volume V of an aquifer by a well over time:

div
�
kf grad h

�
= SS�

¶h
¶t

+
Q
V
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Integration yields:

Z

V

�
div (kf gradh)

�
dV =

¶
¶t

Z

V
SSh dV+

Z

V

Q
V

dV (7.21)

With the integral theorem by Gauß, the volume integral on the left side of Eq. (7.21) can be
transformed into a surface integral. If we assume, that within the �nite, suf�ciently small volume
V the system parameter and the source term are constant, the right side can easily be integrated:

I

A
(kf gradh) d A= SSV

¶h
¶t

+ Q (7.22)

This equation, however, does not differ from the continuity condition

I

A
r vf d A+

¶
¶t

r � na �V + r � Q = 0 ;

if vf is substituted by � kf � gradh and a constant density r is assumed. The starting point of
the simple and the `integral` difference scheme is therefore identical, and no differing procedure
is taken. In the following, we will consider as integral difference schemes all those difference
approximations which are not based on a orthogonal grid.

The derivation of a difference equation from Eq. (7.21) is based on the decomposition of the
integral on the left side, which stands for the volume �ux, in to single terms for partial areas of
the whole surface. This procedure corresponds to the derivation based on a cubic element,
which is now expanded to elements with different boundaries. This can easily be shown for the
discretization with a triangular grid.

 m

0 1

23

4

5
6

1 1l b

Figure 7.7: Discretization by triangles

One node of the triangular grid is associated with a volume element whose upper and lower
surface consists of a polygon around the considered node (see Fig. 7.7). This polygon is created
in such a way that it intersects the connection lines between the nodes perpendicularly. The
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height of the volume element corresponds, in the case of a two-dimensional groundwater �ow,
to the groundwater thickness m of the aquifer. Then we obtain for the element in Figure 7.7 the
surface integral as a sum over the six different areas.

I

A
(kf gradh) d A=

6

å
i= 1

Ai � kf i gradhi (7.23)

If the aquifer is inhomogeneous, the single elements established by the polygons are attributed
with a constant system property each. The conductivity values kf i then result as the harmonical
mean values of the neighboring elements 0 and i (see Fig. 7.6). If we chose for the gradient of
the piezometric head the simple difference approach

gradhi =
hi � h0

l i
;

it follows from Eq. (7.22) with (7.23) and the notation from Figure 7.7 for node 0 of the triangular
grid

6

å
i= 1

bi � mi � kf i

l i
(hi � h0) = SS�V0

¶h0

¶t
+ Q : (7.24)

This method can be expanded by using difference approaches of higher order. It is furthermore
not restricted to triangular discretization. All grids can be used where the perpendicular lines
to the connecting lines of the nodes meet in one point, respectively. These perpendicular lines
do not have to run across the middle of the grid lines. With this, next to triangles also irregular
quadrilaterals can be used for the discretization. The different discretization elements can occur
mixed in a grid. With this, we get the possibility to vary the discretization length of rectangular
grids without having small elements in regions where they are not necessary. Figure 7.8 shows
some different kinds of rectangular grids which can be used for difference approaches.
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rectangular grid

mixed grid

triangular grid

quadrilateral grid

rectangular grid

rectangular grid with
refinement

Figure 7.8: Possible discretization grids for difference approximation
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7.1.4 Boundary and initial conditions

In order to �nd among the possible solutions of a differentia l equations a unique solution for a
certain problem, constraints have to be given at the boundary of the domain - boundary condi-
tions. Is the regarded process transient, additionally conditions must be stated for the whole time
considered. Here, three types of boundary conditions can be distinguished:

1. For a boundary condition of the '1st kind' (Dirichlet boundary condition) the values of the
sought-after functions have to be given at the boundary. For the �ow equation this means
that the piezometric head has to be given as follows:

hG1 = f (x;y;z;t0) on G1

2. For a boundary condition of the '2nd kind' (Neumann boundary condition) the values of
the normal derivative of the solution function at the boundary must be given. In the case
of groundwater �ow problems this leads to the speci�cation o f the in�ow or out�ow per-
pendicular to the boundary in the form of:

(KÑh) � n = qn = f (x;y;z;t) on G2

3. For boundary conditions of the '3rd kind' (mixed or Cauchy boundary condition) the values
are given in a linear combination of solution function and normal derivative. This type of
boundary occurs if the regarded area of �ow is separated from the outer domain by a par-
tially permeable zone. In this case, the in�ow or out�ow acro ss the boundary depends on
the piezometric head h0 on the outside of the domain as well as on the piezometric head
hG1 which arises at the boundary of the considered domain. If we de�ne the �ow resis-
tance r of the partially permeable layer as a quotient of layer thickness d end conductivity
coef�cient K, we obtain the boundary condition as follows:

qD =
(h0 � hG3)

r

The type of boundary condition can change from section to section (see Fig. 7.9).

G

Neumann bound.cond.

Dirichlet bound.cond.

Cauchy bound.cond.

EI
3

G3

G2

G1 G3

G2

G1

Figure 7.9: Different boundary conditions for a domain
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When simulating the behavior of natural systems, this case is more the rule rather than an
exception. Dif�culties with �xing the boundary conditions especially arise when predicting the
impacts of interventions to a groundwater system, as for this case the future behavior on the
boundary must be given. If an in�uence on the boundaries is ex pected, only estimations can be
given.

7.1.5 Example: Integral Finite Difference Method

1. Discretization of the aquifer

Boundary of the
FD-grid

xD

Dy

xD

Dy

Boundary of the 
FD-grid

x

y
boundary of domain

the aquifer with

a rectangular grid

Rectangular grid with

additional refinement

model domain

Discretization of

well
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2. Derivation of the difference equations

Q2Q4

0Q

Q3

1Q

Dx
x

y

yD
1

0 2

3

4

m
thickness
aquifer

Figure 7.10: Continuity condition for a volume element

The derivation of the difference equation is shown here only for the case of the con�ned aquifer
with a constant aquifer thickness and steady-state �ow cond itions. For transient processes see
the script and lecture Modeling of Hydrosystems.

Ful�llment of the continuity condition for each node:

horizontal in�ow / out�ow + vertical in�ow / out�ow = change o f storage over time

For the steady-state case it is valid: change of storage over time � 0

(Q1 + Q2 + Q3 + Q4 + Q0) = 0

Where Qi , with i = 1; : : : ;4 is the in�ow from the neighboring cells and Q0 a vertical in�ow in the
cell (e.g. groundwater recharge or in�ltration / extractio n well),

Q0 > 0 means in�ow, Q0 < 0 means extraction
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Computation of Qi (Darcy law)

v1

hh1

y

0

D

Q1 = v1 � m� Dx = k10 �
h1 � h0

Dy
� m� Dx

Q2 = v2 � m� Dy = k20 �
h2 � h0

Dx
� m� Dy

Q3 = v3 � m� Dx = k30 �
h3 � h0

Dy
� m� Dx

Q4 = v4 � m� Dy = k40 �
h4 � h0

Dx
� m� Dy

Computation of conductivity kr0:

a) arithmetic mean

kr0 =
kr + k0

2
r = 1; : : : ;4

b) harmonic mean

1
kr0

=
1
2

�
1
kr

+
1
k0

�

kr0 =
2kr � k0

kr + k0
r = 1; : : : ;4

! enables the consideration of impermeable boundaries
Inserting the transmissivity Tr0 = kr0m yields:

Q1 = T10
h1 � h0

Dy
Dx

Q2 = T20
h2 � h0

Dx
Dy

Q3 = T30
h3 � h0

Dy
Dx

Q4 = T40
h4 � h0

Dx
Dy
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Inserting Qi into the continuity equation:

T10
h1 � h0

Dy
Dx+ T20

h2 � h0

Dx
Dy+ T30

h3 � h0

Dy
Dx+ T40

h4 � h0

Dx
Dy+ q0DxDy = 0

Difference equation:

T10
h1 � h0

Dy2 + T20
h2 � h0

Dx2 + T30
h3 � h0

Dy2 + T40
h4 � h0

Dx2 = � q0

Transformation of the difference equation:

�
�

T10

Dy2 +
T20

Dx2 +
T30

Dy2 +
T40

Dx2

�
� h0 +

T10

Dy2h1 +
T20

Dx2h2 +
T30

Dy2h3 +
T40

Dx2h4 = � q0

Special case:
The aquifer is homogeneous and isotropic; square grid (Dx = Dy = a):

� 4� h0 + h1 + h2 + h3 + h4 = �
a2

T
� q0
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3. Calculation of the piezometric head h from the difference equations

3.1 Example for a system of equations for calculating the pie zometric head h

Changing to global indices
x

y

NY=3

NX=4

21 3 4

5 6 7 8

9 11 1210

1

2

3

4 0

0 = i i = 1,: : :,N
1 = i - NX
2 = i + 1
3 = i + NX
4 = i - 1
N: number of cells in model, NX: number of cells in x-direction

The difference equation can be simpli�ed, if

� the aquifer is homogeneous and isotropic,

� the �ow is steady-state,

� the grid is quadratic Dx = Dy = a.

Difference equation for node 0:

� 4h0 + h1 + h2 + h3 + h4 =
a2

T
q0

General case:

� n� h0 +
n

å
i= 1

hi = �
a2

T
q0

with n as number of the neighboring active cells



CHAPTER 7. COMPUTATIONAL FLUID DYNAMICS (CFD)
Dept. of Hydromechanics & Modeling of Hydrosystems, Inst. of Hydraulic Engineering, Univ. Stuttgart 113

The difference equations for all nodes leads to a linear system of equations

Example: � 4h0 + h1 + h2 + h3 + h4 = � a2

T q0 e.g. r1 = � a2

T q1

0

B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
@

� 2 1 1
1 � 3 1 1

1 � 3 1 1
1 � 2 1

1 � 3 1 1
1 1 � 4 1 1

1 1 � 4 1 1
1 1 � 3 1

1 � 2 1
1 1 � 3 1

1 1 � 3 1
1 1 � 2

1

C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
A

| {z }
:= K

�

0

B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
@

h1
h2
h3
h4
h5
h6
h7
h8
h9
h10
h11
h12

1

C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
A

| {z }
:= h

=

0

B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
@

r1
r2
r3
r4
r5
r6
r7
r8
r9
r10
r11
r12

1

C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
A

| {z }
:= r

Matrix notation:

K � h = r

with:
K := coef�cient matrix
h := vector of the unknowns
r := vector of the right-hand side (if no boundary condition is given for cell i, it holds that r i = 0)

Remark: Without including the boundary conditions, matrix K is singular.

3.2 Including the boundary conditions

a) Dirichlet boundary conditions (BC of 1. kind, �xed potent ial)

h0 = ĥ0 for node 0

with ĥ0 as piezometric head at node 0

Possibilities for the numerical treatment:

� Substituting the difference equation by h0 = ĥ0 (put a 1 in the main diagonal, add ĥ0 to the
right side, with this, this line in the system is exactly decoupled)

� Put a large number Z0 (e.g. Z0 = 1020) in the main diagonal, add Z0 � ĥ0 to the right side,
with this the system is decoupled by approximation.
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b) Neumann boundary condition (BC of 2. kind, �ow boundary co ndition)

Possibilities for the numerical treatment:

� If the in�ow or out�ow for these nodes across the boundary of t he model domain is zero
and only nodes inside the discretized aquifer are considered, this can be achieved by using

Tr0 = 0

for the harmonic mean.

� Another possibility to include no-�ow-boundaries is by inc luding auxiliary points on the
outside of the domain. These nodes, however, immediately drop out when the boundary
condition (�ow across the boundary is zero) is included.

As an example see boundary cell 5 (system see above)

21

9 10

5 6G

Due to the boundary condition it holds:

� kf
h5 � hG

Dx
= 0

and with this:

h5 = hG

Including the continuity condition for node 5 yields:

� 4h5 + h1 + h6 + h9 + hG = �
a2

T
q0

� 3h5 + h1 + h6 + h9 = �
a2

T
q0

� A boundary with an in�ow/out�ow, i.e. qR 6= 0, is treated just like an impermeable bound-
ary. The value for qR is considered at the right side in the system of equations for the node
lying inside the discretized domain.
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c) Cauchy boundary condition (BC 3. kind, leakage boundary condition

Example: Water exchange between aquifer and surface water
In�ow due to surface water:

h0

h

h0,f

b0,f

D

D

D
x

x

h0 > b0; f =) q0;l = l0 � (h0; f � h0)

h0 < b0; f =) q0;l = l0 � (h0; f � b0; f )

With:
l0 = k0; f =d0; f leakage factor for node 0 [1/s]
k0; f conductivity of the soil at node 0 [m/s]
d0; f thickness of the river bed at node 0 [m]

Expanding the continuity condition (difference equation) a t node 0 by q0;l :

� 4h0 + h1 + h2 + h3 + h4 = �
a2

T
� (q0 + q0;l )

� 4h0 + h1 + h2 + h3 + h4 = �
a2

T
�
�

q0 +
�

l0 � (h0; f � h0)
l0 � (h0; f � b0;r)

��
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7.2 Summary

� In order to solve a differential equation, boundary conditions must be given for the bound-
aries of the domain. There are three types of boundary conditions: Dirichlet, Neumann
and Cauchy boundary conditions.

� For a time-dependent (transient) problem, initial conditions must also be given.

� When using the Finite Difference Method, the differential quotients in the equations are
substituted with difference quotients which are e.g. derived with the help of the Taylor
series. One can distinguish between a central, forward or backward difference quotient.

� When using the Finite Volume Method the differential equation is integrated for the domain
or a local control volume.

� A volume integral can be transformed into a surface integral with Gauß' integral theorem.

� When using the Finite Volume Method, in�ows and out�ows are b alanced (including �ows
accross boundaries and those due to sources or sinks).
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7.3 Exercises

1. With a central difference quotient, you can ...

a) ... only approximate ¶h=¶x.

b) ... only approximate ¶2h=¶x2.

c) ... approximate arbitrary differential quotients.

d) ... only approximate water levels.

e) none of the above.

2. The Integral Finite Difference (Finite Volume) Method ...

a) ... can only be applied for homogeneous systems.

b) ... can only be applied for rectangular meshes.

c) ... can only be applied for quadratical meshes.

d) ... accounts for the �ow over an element side.

e) none of the above.

3. An impermeable wall represents for a �ow system ...

a) ... a Dirichlet boundary condition.

b) ... a Neumann boundary condition.

c) ... a Cauchy boundary condition.

d) none of the above.

4. In order to do a numerical calculation for a groundwater system, the following is/are in any
case necessary:

a) The permeability of the soil.

b) An impermeable boundary.

c) A Dirichlet boundary condition.

d) A Neumann boundary condition.

e) None of the above.



Chapter 8

Boundary-layer theory

Viscous effects are negligible in many �uid �ows. Such �ows a re called ideal �uid �ows . They
may be described with the help of the Euler equation (5.36). On the other hand, at �xed walls
the adhesion constraint applies (see p. 6). If, for example, a body is submerged in an ideal
�uid �ow, the adhesion constraint is valid along the surface of the object and all of the same and
steep velocity gradients that develop at the walls are present. Even with small viscosities, shear
stresses can occur because of the velocity gradients, which are large enough that they can no
longer be neglected. We can idealize these �ows as boundary- layer �ows in which the in�uence
of friction is restricted to a thin (boundary) layer at the walls. These �ows develop particularly
in systems with high �ow velocities and/or small viscositie s (hence high Reynolds numbers),
conditions which are common for systems with bodies submerged in �ows of air or water.
In 1904, Ludwig Prandtl developed the boundary-layer theory to explain these effects, as well
as to explain the detachment of streamlines from the boundary, a phenomenon which can be
observed in areas of pressure increase along a wall, and to calculate the position of detachment
points. Flow outside the boundary layer can be considered ideal and can be calculated with the
Bernoulli equation. The solution for the ideal, inviscid �ow in the ext ernal �ow �eld can then be
put together with the boundary-layer consideration in order to solve it with e.g. the help of the
Navier-Stokesequation. For a detailed description of the boundary-layer theory we refer to the
literature and describe only the basics in this section.

8.1 Reynolds number and boundary-layer thickness

Fig. 8.1 shows a �ow parallel to a smooth thin plate. The appro ach velocity is v0. The thickness
of the boundary layer increases with increasing x. We de�ne the local Reynolds number of the
�ow along the plate as

Rex =
v0x
n

:

For small Rex, which is roughly between 1 and 1000, the viscous part is very outstretched and
we can hardly speak of a boundary layer. The concept of boundary layers generally relates to
Reynolds numbers which are larger. The viscous layers, laminar as well as turbulent, are then
very thin. The boundary-layer thickness d increasing in the x-direction describes by de�nition
those places where the local velocity is less than 99% of the approach velocity v0. In other

118
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d

x

inviscid region

viscous region

laminar

b
laminar
sub-layer

v0

boundary layer

turbulent
boundary layer

Figure 8.1: Development of a boundary layer along a thin plate: Ideal �uid �ow on the outside
and viscous behavior inside the boundary layer.

words, inside the boundary layer it holds that v < 0:99v0. The thickness of the boundary layer
can be calculated as an approximation with the help of the following equation:

d �

8
>><

>>:

5:0x
Re1=2

x

laminar boundary layer

0:16x
Re1=7

x

turbulent boundary layer
(8.1)

As soon as the boundary layer becomes turbulent the thickness increases more with increasing
Reynolds number as in the case of a laminar boundary layer. The transition point from laminar
to turbulent boundary layer is roughly given by Rex � 106. A part of the boundary layer (a very
thin �lm in immediate proximity of the wall) stays approxima tely laminar. We speak here of the
laminar (viscous) under-layer with the thickness b.

8.2 Equations for the boundary layer

The equations for boundary layers which were originally formulated by Prandtl are based on the
strongly simpli�ed Navier-Stokes equations. With the help of these equations the �ows in the
boundary layers of submerged bodies can be described, as long as these �ows are laminar.
Turbulent �ows around bodies are described with the help of e mpirical methods (see Ch. 11).

For simpli�cation reasons, we restrict ourselves in the fol lowing to two-dimensional, steady-state
and incompressible viscous �ow. The in�uence of gravity is n eglected. The x-axis runs along
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the wall, the y-axis is perpendicular (see Fig. 8.2). We can observe that this is easily transferred
to curved surfaces. In this case the x-coordinate is along the curved surface whereas the y-
coordinate points in the direction of the normal vector, respectively.

p=pa

streamline in the
external flow field

0u
0u

d*(x)

0uy

t w (x) u(x,y)

y=h

x

d(x)

'simulated'
effect

h

Figure 8.2: Development of a boundary layer and displacement of the outer streamlines by
d� (x)

At �rst, we will make some considerations about the relation ship between parallel and perpen-
dicular (to the wall) velocity components, in order to justify the following simpli�cations.
Fig. 8.2 shows how the streamlines beyond the boundary layer experience a displacement of
d� (x). This is necessary in order to ful�ll the mass conservation b etween the in�ow and out�ow
boundary. It holds that

hZ

0

r u0b dy=

dZ

0

r ub dy (8.2)

and
d = h+ d� (8.3)

r and b drop out of this consideration. The left integral can be evaluated and in the right integral
we add and subtract u0 so that

u0h =

dZ

0

(u0 + u� u0) dy =

h+ d�Z

0

u0 dy+

dZ

0

(u� u0) dy (8.4)

After some more rearrangement we get for the thickness of the displacement d� :

d� =

dZ

0

(1�
u
u0

) dy (8.5)

As a rough approximation of a laminar boundary layer, we can assume a parabolic velocity pro�le
for u, e.g. after Karman:

u(x;y) � u0

�
2y
d

�
y2

d2

�
for 0 � y � d(x) (8.6)
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If we insert this we get as an approximation for d�

d� �
1
3

d or
d�

x
�

1:8

Re
1=2
x

(8.7)

For large Rex, d� is much smaller than x. This means, that the rise of the outer streamline d� =x is
also very small and therefore the velocity component normal to the wall is very small in contrast
to the component parallel to the wall.

The continuity equation, as well as the momentum equations in the x- and y-directions for the
boundary layer in differential form are:

¶u
¶x

+
¶v
¶y

= 0 (8.8)

r
�

u
¶u
¶x

+ v
¶u
¶y

�
= �

¶p
¶x

+ µ
�

¶2u
¶x2 +

¶2u
¶y2

�
(8.9)

r
�

u
¶v
¶x

+ v
¶v
¶y

�
= �

¶p
¶y

+ µ
�

¶2v
¶x2 +

¶2v
¶y2

�
(8.10)

In the following we will make some simpli�cations by conside ring the different magnitudes of the
single terms. It is valid

� for the velocity components in the x- and y-directions that

v � u ; (8.11)

� for the change of the velocity components that

¶u
¶x

�
¶u
¶y

and
¶v
¶x

�
¶v
¶y

: (8.12)

These assumptions can be justi�ed by the considerations mad e above.
The most signi�cant simpli�cation we get for Eq. (8.10):

¶p
¶y

� 0 ; (8.13)

The pressure therefore varies only in the x-direction, and with this, we can leave out the y-
component in the momentum equation. As already mentioned, the boundary-layer theory as-
sumes that the outer �ow �eld can be solved with the help of the Bernoulli equation. The pres-
sure gradient ¶p=¶x is therefore obtained by the (already calculated) solution of the Bernoulli
equation:

dp
dx

= � r u0
du0

dx
(8.14)

and can be inserted into Eq. (8.9). Now let us look closer at Eq. (8.9). Based on Eq. (8.12) we
neglect the term ¶2u=¶x2. The boundary-layer equations of Prandtl can then be written as

for mass conservation:
¶u
¶x

+
¶v
¶y

= 0 (8.15)

for momentum conservation along the wall: u
¶u
¶x

+ v
¶u
¶y

� u0
du0

dx
+

1
r

¶t
¶y

; (8.16)
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where the shear stress t can be calculated as follows:

t =

(
µ¶u

¶y laminar �ow

µ¶u
¶y � r u0v0 turbulent �ow

(8.17)

The solution of this equation for u(x;y) and v(x;y) is in�uenced by the boundary conditions
and depends on u0(x), where u0 is obtained from the outer ideal �ow �eld. For the boundary
conditions we get at the wall u = v = 0 (no-slip condition), and at the streamline just outside of
the boundary layer u = u0(x).

8.3 Boundary layers with pressure gradient – �ow separation

In this section the behavior of boundary layers, which is in� uenced by pressure gradients, is
brie�y discussed. For the case that a pressure is present whi ch increases in the x-direction
(dp=dx > 0), a �ow separation from the boundary can occur. A qualitativ e explanation of this
phenomenon is possible if we look at the second derivative of the velocity component u along
the wall. From Eq. (8.16) we can deduce the following relationship at a �xed wall ( u = v = 0):

¶t
¶y

�
�
�
�
wall

= � r u0
du0

dx
(8.18)

Because of ¶t=¶y = µ¶2u=¶y2 and � r u0du0=dx= dp=dx it also holds that

¶2u
¶y2

�
�
�
�
wall

=
1
µ

dp
dx

: (8.19)

Therefore, for pressure increasing in the x-direction, the second derivative of u at the wall is pos-
itive. Nevertheless, ¶2u=¶y2 has to be negative for y = d in order to ensure a smooth transition
to the outer �ow u0. For example, it holds for the parabolic pro�le according to Eq. (8.6) that
¶2u=¶y2 = � 2u0=d2. In between an in�ection point exists so that the velocity pr o�le u(x;y) of
a boundary layer with positive pressure gradient shows a characteristic S-shape. Depending
on how fast the pressure is increasing in the x-direction, the S-shape of u can be developed so
distinctively that a counter current occurs at the wall which implies a prior �ow separation.
Fig. 8.3 shows a practical example of a situation in which �ow separation may occur. A part of a
duct is shown where a contraction is followed by an expansion of the width. Inside the duct, ideal
�ow is present so that u0(x) can be calculated via the Bernoulli equation. At the boundaries,
a boundary layer d(x) is forming. Four velocity pro�les are shown in the cross-sec tions 1 to 4.
From the calculation of the inner �ow, we obtain that the velo cities u0 in the parts with smaller
cross-sections are larger, and therefore, the pressures are here lower. This means, that the
pressure at �rst decreases in the x-direction between the cr oss-section 1 and 2 and afterwards –
behind the expansion – the pressure gradient changes its sign and becomes positive. The single
cross-sections are regarded closer in the following:

� For cross-section 1 it holds that

dp
dx

< 0
du0

dx
> 0

¶2u
¶y2 < 0 : (8.20)
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u   (x)
0

back-flow

x
inviscid

1

2
3

4

(x)d

flow separation
t = 0

internal flow field

inflection point

Figure 8.3: Velocity pro�les, boundary layer and �ow separation in a duct with contraction and
following expansion

No in�ection point in the velocity pro�le is present. A �ow se paration cannot occur in these
cases.

� Let cross-section 2 be the section inside the contraction where we get

dp
dx

= 0
du0

dx
= 0

¶2u
¶y2 = 0 : (8.21)

The in�ection point of the velocity pro�le is exactly at the w all. A �ow separation does not
occur.

� In cross-section 3 the pressure gradient already changed the sign and we obtain

dp
dx

> 0
du0

dx
< 0

¶2u
¶y2 > 0 : (8.22)

The positive pressure gradient, however, is still comparatively weak and a �ow separation
does not yet occur.

From a certain value of the positive pressure, the shear stress t at the wall becomes zero (be-
cause of ¶u=¶y = 0). This point is called the separation point. Every further increase of the
pressure gradient then leads to a counter current at the wall, as is the case in cross-section 4.

� At cross-section 4 we �nally get (as in cross-section 3, only 'stronger')

dp
dx

> 0
du0

dx
< 0

¶2u
¶y2 > 0 : (8.23)

This process can also be done, for example, for a submerged body (see Fig. 8.4). At the front
(against the �ow) the velocity u0 rises with increasing x-coordinate along the contour of the body,
and the pressure decreases respectively. At the side turned away from the �ow, however, a �ow
separation and a counter current takes place.
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x

u0

Figure 8.4: Submerged body in a �ow

In this section we could show that the boundary-layer theory is suitable for explaining the ap-
pearance of �ow separation and counter currents e.g. for the �ow around a submerged body,
although the theory is no more applicable after the occurrence of the �ow separation.
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8.4 Summary

� Flows with negligible viscous effects can be described as ideal �ows, and can therefore
be described with the the help of the Euler equation.

� In nature, the no-slip boundary condition generally applies at �xed walls. That means
that in the region near a wall there are very steep velocity gradients. Submerged objects
,around which air or water �ow, are examples of such situatio ns.

� The in�uence of friction is limited to a thin layer near the wa ll, called the boundary layer.

� The boundary theory (Ludwig Prandtl, 1904) states the following:

– Ideal �ows outside the boundary layer,
solution using, for example, the Bernoulli equation.

– Viscous �ows within the boundary layer,
solution using, for example, the Navier-Stokes equation.

� The thickness of the boundary layer d is calculated with the the local Reynolds number
Rex. A distinction is drawn between laminar and turbulent boundary layers.

� If a boundary layer is in�uenced by a pressure gradient, for i nstance as the result of a
narrowing of the �ow cross section, �ow separation can occur and eddies can form.
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8.5 Exercises

1. Boundary layers occur with ...

a) ... creeping �ow (Re < 1).

b) ... �ows of intermediate velocity (1 < Re < 1000).

c) ... rapid �ows (Re > 1000).

d) ... all �ows, independent of the Reynolds Number.

2. Boundary layers occur because ...

a) ... the �uid considered is assumed to be a real �uid.

b) ... the viscosity of the �uid considered is very high.

c) ... the base �ow is turbulent.

d) ... the no slip boundary always holds at a �xed boundary.

e) ... the approach velocity has a parabolic pro�le.

f) none of the above.

3. Under certain circumstances the boundary layer can separate from the surface. Why?

a) Because the pressure of the �uid increases in �ow directio n.

b) Because the �ow direction reverses.

c) Because the the �ow cross section narrows.

d) Because a real �uid is being considered.

e) Because the viscosity is zero.



Chapter 9

Flow in ducts

9.1 Fully developed �ows

Duct �ow, with its typically long �ow paths, is characterize d, as a rule, by a fully developed
velocity pro�le (Fig. 9.1), as the boundary layers join in so me distance of the entrance into the
pipe. As a result, the entire cross-section of the �ow is in�u enced by wall friction. The properties
of boundary layers were discussed in the previous chapter 8.

core flow
(inviscid)

merging of the
boundary-layers

x
r

u(r,x) u(r)

fully developed
flow region

Le

Figure 9.1: Development of a velocity pro�le in a pipe (laminar �ow)

Near the in�ow of a pipe the �ow is nearly ideal. With increasi ng distance from the in�ow the
boundary layer developing at the wall increases in size. With this, the �ow at the wall slows down
(u = u(x; r)) while at the same time the �ow in the middle of the pipe accele rates in order to
ful�ll the continuity equation: Q =

R
u dA= const. (incompressible �ow, see Eq. (4.16)). Some

distance from the entrance of the pipe (entrance length Le) the boundary layers merge in the
middle of the duct and from that point on a fully developed viscous �ow is present. The entrance
length depends mainly on the Reynolds number. For laminar �o w it holds that Le=d � 0:06 Re.
If one assumes the critical Re value found in the literature for the transition point from laminar to
turbulent �ow, Re � 2300, we get a maximum entrance length of Le = 138d. For turbulent �ow

Le can be approximated with the help of Le=d � 4:4 Re
1=6
d . For x > Le the velocity now depends

only on the r-coordinate (u = u(r)).

127
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9.2 Shear at the wall and head loss

������������������������������������������������������������

h v

p 1

r g
p 2

r g

z 2z 1

datum line

Q

Figure 9.2: Head losshv in duct �ow

It becomes apparent that wall friction in a duct causes a loss of energy of the �ow. Fig 9.2 depicts
the �ow in a duct, with different piezometric heads (pressur e heads) at the locations 1 and 2.
The pressure decreases in the direction of �ow. The resultan t (net-)pressure force in the �ow
direction is in equilibrium with the resisting force due to wall friction. If we compare the situation
shown here with Eq. (4.58), we notice that in the cross-sections 1 and 2 different energy heads
arise although z and v are constant. The energy of the �ow therefore decreases in di rection of
the �ow. The variable

hv =
�

p1

r g
+ z1

�
�

�
p2

r g
+ z2

�
(9.1)

is de�ned as head loss and has the dimensions of a length (see C h. 4.4 (conservation of energy)
on page 51).
We now consider a section of a duct (see Fig. 9.3) of length L with a constant cross-section A, or
constant diameter d. Let the �ow in the pipe section be steady-state and uniform, i.e. vm = const.
and Q = const.. The �uid is incompressible. Furthermore the moment um coef�cients are equal
(see p. 48) b1 = b2 as are the correction coef�cients for the kinetic energy (se e p. 51) a1 = a2.
Under these conditions the conservation of mass is trivial. The momentum balance equation in
the direction of the pipe axis is (compare Eq. (4.25)):

p1A� p2A+ r gALsinq� t 0UL = r Qv1 � r Qv2 ; (9.2)

where U = pd. Because the continuity condition requires that the momentum �ux r Qvbe equal
in both cross-sections, the remaining terms constitute a pure force balance between pressure-,
gravity- and shear-forces. We can now substitute sinq = z1� z2

L and then obtain

(p1 � p2)A+ r gA(z1 � z2) = t 0UL (9.3)
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Figure 9.3: Equilibrium between wall friction and gravity force

or after further rearrangement
�

p1

r g
+ z1

�
�

�
p2

r g
+ z2

�
=

UL
r gA

t 0 ; (9.4)

so that after comparison with Eq. (9.1) it holds that:

hv =
UL
r gA

t 0 or t 0 =
r gA
UL

hv (9.5)

The most common case by far is the circular cross-section. In this case we obtain

A
U

=
pd2

4
pd

=
d
4

! d =
4A
U

: (9.6)

Accordingly, the hydraulic diameteris therefore de�ned for arbitrary cross-sections as

dhy =
4A
U

: (9.7)

A is the cross-section of the �ow and u the wetted circumference. With this we can now write the
following equation for the general case (pipe �ow and �ow in a n open channel):

hv =
4L

r gdhy
t 0 or t 0 =

r gdhy

4L
hv (9.8)

9.3 Flow regimes

It has been mentioned repeatedly that the �ow can be divided, in principle, into two possible types
of �ow. In a simple experiment after Reynolds, the differenc e between laminar and turbulent �ow
can be visualized (see Fig. 9.4).
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Figure 9.4: Reynolds �ow experiment: tracering in a laminar and turbulent �ow �eld with a dye

A dye is injected into a pipe �ow via a small tube. If the tracer is carried along with the �ow as
a straight line, the �ow is a laminar �ow in which �uid particl es move in ordered layers. If we
increase the �ow velocity, we can observe that after a certai n point the jet is disturbed, it �utters
and after some point in time can no longer be seen as a jet. The dye then completely mixes
with the �ow, which has become turbulent. The �uctuations in duced by turbulence and their
mathematical description by Reynolds were already discussed in detail in Ch. 5.2.4 (Reynolds
equation). The transition from laminar to turbulent �ow dep ends on the Reynolds number (see
p. 7). For pipe �ow, a critical Reynolds number Re = vd=n can be de�ned as reference point for
which it holds:

Re < 2300 laminar �ow
Re > 2300 turbulent �ow

In practice, the transition to turbulent �ow is always trigg ered by small disturbances. In carefully
executed experiments, signi�cantly higher Reynolds numbe rs can be reached for laminar �ow.
Turbulent �ow can be assumed in most technical applications both because disturbances are
practically always present and because the Reynolds numbers are generally very high.

The dependence of the �ow regime on the Reynolds number can be divided into the following
approximate ranges [?], where small deviations can occur depending on the geometry of the
�ow, the surface roughness and the in�uence of disturbances .

0 < Re < 1 highly viscous laminar creepingmotion
1 < Re < 102 laminar, strong Reynolds-number dependence
102 < Re < 103 laminar, boundary-layer theory useful
103 < Re < 104 transition to turbulence
104 < Re < 105 turbulent, moderate Reynolds-number dependence
105 < Re < 106 turbulent, slight Reynolds-number dependence
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9.4 Wall friction and velocity pro�les

9.4.1 Laminar pipe �ow

Laminar pipe �ow occurs only rarely in practical problems. N evertheless, it shall be discussed
here as it can be used to explain some important relationships.
We look again at a circular pipe with length L and diameter d as in Fig. 9.3 and 9.5. Eq. (9.5)
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�����������������
�����������������

v max
v m

t (r)

r R
n

v(r)

r

paraboloid

L

Figure 9.5: Laminar �ow in a circular pipe

can also be applied to a cylindrical �uid body with the variab le radius r . The shear stress t 0 is
replaced here by the radius(r)-dependent shear stress, t (r), which can be expressed with the
help of the law for Newtonian �uids. Furthermore, we know tha t A = pr2 and U = 2pr .

t (r) =
r gA
UL

hv =
r gr
2L

hv = � µ
dv
dr

= � rn
dv
dr

(9.9)

It follows that
dv
dr

= �
gr
2n

hv

L
; (9.10)

which after integration leads to:

v(r) = �
gr2

4n
hv

L
+ C (9.11)

The assumption of a no-slip boundary condition is valid at r = Rdue to the viscosity, and it there-
fore follows v(R) = 0. When the boundary condition is inserted, we get the following constant of
integration

C =
gR2

4n
hv

L
: (9.12)

The velocity pro�le in a laminar �ow is therefore

v(r) =
gR2

4n

�
1�

r2

R2

�
hv

L
; (9.13)
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where

vmax= v(r = 0) =
gR2

4n
hv

L
and with this v(r) =

�
1�

r2

R2

�
vmax (9.14)

Using Eq. (4.18) we can write the following equation for the mean velocity, where A = pR2 and
dA= 2prdr :

vm =
1

pR2

Z

A

vmax

�
1�

r2

R2

�
2prdr =

2
R2vmax

RZ

0

�
r �

r3

R2

�
dr =

1
2

vmax (9.15)

And �nally we get

hv = vm
8nL
gR2 ; (9.16)

in which the head loss hv is linearly dependent on the velocity.

Now we look again at a pipe section (e.g. from Fig. 9.3) and apply Eq. (4.42) in which we
assume that no driving force is acting between the cross-sections 1 and 2, and furthermore that
viscous work on the control sections can be neglected. Head loss hv was de�ned in Ch. 4.4 on
page 51 as hv = ( û2 � û1 � q)=g. With this we get

v2
1

2g
+

p1

r g
+ z1 =

v2
2

2g
+

p2

r g
+ z2 + hv (9.17)

Because v1 = v2, we can rearrange the equation to yield

p1

r g
+ z1

| {z }
h1

=
p2

r g
+ z2

| {z }
h2

+ hv (9.18)

With the help of Eq. (9.16) we can now write this as follows:

h1 � h2 =
8nLvm

gR2 (9.19)

Formulated differently, the slope of the piezometric head in a laminar �ow (with the s-coordinate
directed in �ow direction along the pipe axis) can be express ed by:

dh
ds

=
8nvm

gR2 =
32nvm

gd2 (9.20)

This is the law of Hagen(1839) and Poiseuille(1841) 1.

1 The German engineer Gotthilf Hagen (1797 - 1884) and the French doctor Jean-Louis-Marie Poiseuille (1799
- 1869) both investigated pipe �ow independently, each ignorant of the other's work. Poiseuille's investigations
were motivated by questions concerning the circulatory system.
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9.4.2 Flow law according to Darcy and Weisbach

We now only rearrange Eq. (9.16), and we replace vm with the simpli�cation, v:

hv = v
8nL
gR2 = v

32nL
gd2 = 64

n
vd|{z}

1=Re

L
d

v2

2g
(9.21)

Please note that this relationship for the head loss can also be generalized to include open
channel �ow by substituting the diameter d for the hydraulic diameter dhy = 4A=U .
If we de�ne the friction factor for laminar �ow as l = 64=Re, we obtain the �ow law according to
Darcy (1858) and Weisbach(1855)

hv = l
L

dhy

v2

2g
(9.22)

with

l =
64
Re

;

which is also valid for turbulent �ow with an appropriately d etermined friction factor l .

The fact that the friction factor decreases with increasing Reynolds number for laminar �ow
should not lead to the conclusion that the friction also decreases!

9.4.3 Turbulent pipe �ow

For turbulent pipe �ow the velocity pro�le is generally in�u enced by several parameters (see Fig.
4.5):

� �uid viscosity

� average �ow velocity (for example obtained from the mass con servation equation)

� wall roughness, wall material

� pipe diameter

The development of the velocity pro�le depends on the relati ve magnitudes of the various pa-
rameters. It was demonstrated experimentally that one can distinguish between three different
cases of turbulent �ow in ducts (see Fig. 9.6). The equivalen t wall roughness k serves as a
possibility to describe the roughness of pipe walls for different materials.

� Hydraulically smooth �ow:
The laminar sub-layer is thicker than the equivalent wall roughness. Thus, the wall material
does not affect the friction factor. ! l = l (Re)
For the computation of l , different approaches have been developed, e.g. by Blasius
(1911)

l =
0:316
4
p

Re
(9.23)
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Figure 9.6: Experimental basis for the determination of theequivalent wall roughnessk. The
parameters on which the friction factorl depends depend on the relation between the thickness
d0 of the laminar sub-layer andk.

or by Prandtl (1935)
1

p
l

= 2:0 log(Re
p

l ) � 0:8 (9.24)

� Fully rough �ow:
The laminar sub-layer is very thin so the equivalent wall roughness breaks up these layers.
The wall material has a fundamental effect on the friction factor. ! l = l (dhy=k)
According to the Nikuradseapproach the value of l is related to the ratio between the
hydraulic diameter dhy and the wall roughness k.

1
p

l
= � 2:0 log

k=dhy

3:7
(9.25)

� Transitional roughness:
Colebrookand White(1938/39) interpolated between the two special cases we have ex-
plained above to produce the following equation:

1
p

l
= � 2:0 log

�
2:51

Re
p

l
+

k=dhy

3:71

�
(9.26)

In its two extreme cases ”hydraulically smooth” and ”hydraulically rough” this equation
turns into Eq. (9.24) or (9.25). It was evaluated and presented graphically by Moody(1944)
in the so-called Moodychart (see Fig. 9.7), where laminar �ow was also considered.

The equivalent wall roughnesses for different materials in pipes are listed in table 9.1. Source:
[?].
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Table 9.1: Wall roughness k for different materials

types of ducts k [mm]

ducts made of steel

pipes of drawn steel 0.01 to 0.05

welded pipes of customary quality
new 0.05 to 0.01
cleaned after longer use 0.15 to 0.20
moderately rusted with slight crusting 0.40
with heavy crusting 3

riveted ducts with lengthwise and crosswise seams
a) thickness of sheet metal below 5 mm 0.65
b) thickness of sheet metal 5 to 12 mm 1.95
c) thickness of sheet metal above 12 mm and 6-12 mm,

if seams are covered with latches 3
d) thickness of sheet metal above 12 mm with latched seams 5.5
e) in bad condition up to 50

cast iron pipes

new pipes with �anges or sleeves 0.15 to 0.3

cast iron pipes which are
asphalted 0.12
new 0.25 to 1
rusted 1 to 1.5
crusted 1.5 to 3

concrete and pressure tunnels

Ducts and tunnel in reinforced concrete (smoothed plaster) 0.01
new ducts of spun concrete with smooth plaster 0.16
concrete pipes, smooth 0.3 to 0.8
penstock with cement plaster 1.5 to 1.6
concrete pipes, raw 1 to 3
concrete pipes, rough 10

other pipes

asbestos-cement pipes 0.1
wooden ducts 0.2 to 1
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9.5 Minor losses in pipe systems

In addition to the friction losses described in the previous sections, other minor 'local' losses
occur in pipe systems. Among the causes for such local losses are entrances and exists, sudden
contractions or expansions of the pipe, bends, branchings, and valves (open or partially closed).
Due to the complexity of �ow in these places, there is no appli cable theory capable of describing
the �ow exactly. Instead, one gets by with experimentally me asured energy losses which are
then related to �ow parameters. Using these relationships, the local head loss can be described
as follows:

hv = z
v2

2g
(9.27)

Values of the loss coef�cient z are listed for different situations in Figures 9.8 to 9.12.
z or z

0
: v immediately before or behind the �ow disruption. Source: [ ?]
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9.6 Steady-state �ow in ducts

9.6.1 Frictionless �ow

Initially, we will consider only ideal pipe �ow in this secti on. We will, therefore, neglect the energy
loss relationships derived in previous sections.

9.6.1.1 Energy grade line and hydraulic grade line
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Figure 9.13: Energy grade line and hydraulic grade line for frictionless �ow

The Bernoulli energy equation is valid for steady-state frictionless (ideal) pipe �ow (see Ch. 4.5
and 5.2.3):

H = a
v2

2g
+

p
r g

+ z= const: (9.28)

Here, a is the correction factor for kinetic energy (see p. 51). The energy head H is constant
along the pipe system2. The energy grade line is therefore constant. The course of the (hy-
draulic) pressure grade line (line of the piezometric heads) depends on the local velocity in the
pipe, which depends in turn on the pipe diameter.

2We can also think of a pipe as a streamtube. In Ch. 5.2.3 theBernoulliequation was derived by the integration
of theEuler equation for ideal �ow along a streamline.
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9.6.1.2 Out�ow of tanks, nozzles and slots
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Figure 9.14: Flow through a pipe between two in�nitely largetanks

Fig. 9.14 shows a situation where water �ows between two in�n itely large tanks due to a dif-
ference in water height. The courses of the energy and pressure grade lines are shown. We
can see that the velocity head v2=(2g) is equal to the difference Dh of the two water levels. The
velocity can therefore easily be calculated with the help of the Torricelli equation3:

v =
p

2gDh (9.29)

���������
���������
���������
���������

A
v 0

patm

v2

2g

z = 0

patm

z

v

Figure 9.15: Out�ow of an in�nitely large tank (according toTorricelli)

3Evangelista Torricelli noticed in 1644 that the out�ow velocity from an in�nitely large container is equal to
that velocity which a particle experiencing no friction would reach in free fall. In other words the potential energy
of the �uid at the water surface is completely transformed tokinetic energy in the out�ow location (see Fig. 9.15).
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Vena contracta, jet contraction coef�cients:
When water in a free jet (surrounding pressure = 0) passes through a nozzle or a slot, the cross-
section of the jet is usually smaller downstream of the opening than at the opening itself. This
phenomenon is called a contraction. The contraction coef�cient cc describes the relationship
between the real cross-section of the jet at the smallest diameter (vena contracta) and the cross-
section of the out�ow opening. As can be seen below, the value of cc depends on the angle of
the borders of the approaching �ow and the shape of the nozzle or slot (see Fig. 9.16).
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1   3 d resp. b
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0 0.2 0.4 0.6 0.8 1.0

d/D resp. b/B

Figure 9.16: Contraction coef�cientcc depending onb andd=D (for nozzles) orb=B (for slots)
from Kobus [?]

We will now turn our attention to the situation pictured in Fig. 9.16 (left). We will restrict ourselves
to the consideration of a nozzle (the following derivation can be carried out in an analogous
manner for slots).
From the mass conservation law (continuity equation) we obtain

v1A1 = v2A2 ! A2 =
p

� p
ccd

� 2

4
= cc

pd2

4

With this we get the velocity v1

v1 =
v2A2

A1
= v2cc

d2

D2

With the help of the Bernoulli equation we can write (where z1 = z2):

v2
1

2g
+

p1

r g
=

v2
2

2g
+

p2

r g

Here we can insert v1 which we calculated before and now get, after some rearrangement:

v2 =

s
2(p1 � p2)

r
�

s
1

1� c2
c

d4

D4

=
p

2g(h1 � h2) �

s
1

1� c2
c

d4

D4
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Consequently, we get the following equation for the �ux Q through the nozzle

Q = v2A2 = cc
pd2

4
�
p

2g(h1 � h2) �

s
1

1� c2
c

d4

D4

= cQ
pd2

4

p
2g(h1 � h2) ; (9.30)

where we have the following expression for the term cQ

cQ =
ccq

1� c2
c
� d

D

� 4
: (9.31)

An analogous derivation can be performed for the speci�c �ux q per meter width through a slot
and we then obtain

q = cqb
p

2g(h1 � h2) ; (9.32)

where
cq =

ccq
1� c2

c
� b

B

� 2
: (9.33)

9.6.1.3 Free jets / uncon�ned �ows

v0
v0,z

v0,z
2

2g
h      =max

v0
2

2g

v0,x x

z

v0,x
2

2g

Figure 9.17: Axis of a free jet (atmospheric environment)

The trajectory (jet axis) of a free jet is analogous to a diagonal throw (Fig. 9.17)

v0 =
q

v2
0;x + v2

0;z !
v2

0

2g
=

v2
0;x

2g
+

v2
0;z

2g

After the exit, the free jet only experiences an acceleration in the z-direction

dv0;z

dt
= � g :

The horizontal component of the velocity at the exit (nozzle) is constant if frictionless �ow is
assumed. The course of the jet axis can then be calculated according to

z=
v0;z

v0;x
x�

g
2v2

0;x
x2 : (9.34)



CHAPTER 9. FLOW IN DUCTS
Dept. of Hydromechanics & Modeling of Hydrosystems, Inst. of Hydraulic Engineering, Univ. Stuttgart 144

9.6.1.4 Example: Venturi meter

21

HGL

EGL

Figure 9.18: Discharge measurement with a Venturi meter

The Venturi meter4 (see Fig. 9.18) can be used for discharge measurement. The pressure
difference between cross-sections 1 and 2 is a measure of the discharge of the pipe.
We can assume that the Bernoulli equation is valid along the pipe axis, which corresponds to
the middle of the streamtube:

p1

r g
+

v2
1

2g
+ z1 =

p2

r g
+

v2
2

2g
+ z2

which can be rearranged to read

2(p1 � p2)
r

+ 2g(z1 � z2) = v2
2 � v2

1 or
2Dp

r
+ 2gDz= v2

2 � v2
1

From the continuity condition we obtain

v1 = v2

�
D2

D1

� 2

By combining the last two equations we can calculate the velocity at the contraction as

v2 =
�

2Dp=r + 2gDz
1� (D2=D1)4

� 1=2

and with this the discharge

Q = A2

�
2Dp=r + 2gDz
1� (D2=D1)4

� 1=2

:

For a horizontal pipe we get the simple relationship

Q = A2

�
2Dp

r (1� (D2=D1)4)

� 1=2

:

4Giovanni Battista Venturi (1746 - 1822), Italian physicist, tested pipe contractions and expansions and became
one of the pioneers of experimental hydraulics
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9.6.2 Viscous �ow

�������������������������������������������
�������������������������������������������
�������������������������������������������
�������������������������������������������

patm

v1
2

a1
2g

r g
p1

r g
p2

z2

v2
2

a2
2g

patm

z3

r g
p3z1

v3
2

a3
2g

H

v   0
A

datum line   z = 0

Q

under-pressure

EGL

HGL

local minor
head loss

friction
loss

A

Figure 9.19: Energy grade line and pressure grade line for viscous �ow with friction

Viscous ('real') �ow in ducts is characterized by head losse s along the pipes. Distinctions can be
drawn between

� friction losses according to the Darcy-Weisbachequation Eq.(9.22)

å
i

hv = å
i

l i
Li

di

v2
i

2g
; (9.35)

where the index i represents the individual parts of the pipe system.

� local minor losses at contractions, expansions, bends, etc., according to Eq. (9.27), where
i represents the locations at which the head loss occurs

å
i

hv = å
i

zi
v2

i

2g
(9.36)

It follows that the energy head decreases as the length of the pipe system increases.

H = HA � å
i

l i
Li

di

v2
i

2g
� å

j
z j

v2
j

2g
(9.37)

When comparing discharges from the frictionless system according to Fig. 9.13 and the viscous
system with friction according to Fig. 9.19 we observe that the energy head at the end of the
system is smaller for the system with friction. Thus, the �ow velocity at the �nal cross-section is
also smaller than that of the frictionless system, as is the discharge.
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9.6.3 Pumps and turbines

In most practical technical applications, discharges have to be induced by adding energy to the
system. This is accomplished by means of pumps.

����������������������������������������������������������������������������

1
2v  /2ga1

1v  , Q

2v  , Q

tank 1

tank 2

NP

pump

suction pipe

pressurized pipe

HD

HGL

EGL

2a2v  /2g2

datum line

Figure 9.20: Pump delivers dischargeQ from tank 1 up to tank 2 (frictionless description)

In Fig. 9.20 a system of two tanks is shown (frictionless description) where a discharge is
delivered from tank 1 to the higher-situated tank 2. The pump increases the energy head in the
system by DH. This, however, is not equal to the total amount of energy head which must be
added to the system, as some additional energy is lost at the pump itself. That amount depends
on the hydraulic ef�ciency factor hP of the pump. The total power required at the shaft of the
pump is therefore

NP =
1

hP
r gDHQ : (9.38)

Energy can be withdrawn from moving �uids using a turbine.
Fig. 9.21 shows a system where the turbine withdraws the energy head DH from the system.
Here it also holds that the actually withdrawn energy is not equal to DH. The power NT available
at the turbine is

NT = hTr gDHQ ; (9.39)

where hT is the hydraulic ef�ciency factor of the turbine.
If we account for the in�uence of pumps and turbines in the ene rgy equation we obtain

v2
1

2g
+

p1

r 1g
+ z1 =

v2
2

2g
+

p2

r 2g
+ z2 � hpump + hturb (9.40)

Here, hpump is the energy brought into the system by pumps whereas hturb describes the
energy withdrawn from the system by turbines.
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Figure 9.21: Turbine withdraws energy of the �ow between tank 1 and tank 2 (frictionless
description)

9.6.4 Multiple-pipe systems

The calculation for pipe systems which contain two or more pipes is possible with the basics
presented in the previous chapters, as long as certain rules are obeyed. In the following section
three different, but characteristic cases, are discussed.

� pipes in series

1 2 3

A B

Figure 9.22: Three pipes in series

Fig. 9.22 shows an example of three pipes arranged in series. The �rst rule is that the
�ow rate is the same in all the pipes,

Q1 = Q2 = Q3 or v1d2
1 = v2d2

2 = v3d2
3 :

The next rule is that the total head loss through the system is equal to the sum of the head
loss in each pipe

DhA! B = Dh1 + Dh2 + Dh3 ;
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which can be described with the help of Eqs. (9.35) and (9.36) as:

DhA! B =
v2

1
2g

�
l 1

L1

d1
+ å z1

�
+

v2
2

2g

�
l 2

L2

d2
+ å z2

�
+

v2
3

2g

�
l 3

L3

d3
+ å z3

�

� Parallel pipes

1

2

3

BA

Figure 9.23: Three parallel pipes

Fig. 9.23 shows an example of three parallel pipes located between the points A and B.
Here, the head loss must be the same in each pipe

DhA! B = Dh1 = Dh2 = Dh3 ;

and furthermore the sum of the single discharges has to equal the total discharge

Q = Q1 + Q2 + Q3 :

� Multiple-reservoirs junction

1

2

3

z1

z2

z3

Figure 9.24: Multiple reservoirs connected by a pipe system

If different reservoirs are connected at a junction, as shown in Fig. 9.24, where the pipes
leading to or from the reservoirs meet, then it holds that

Q1 + Q2 + Q3 = 0 ;
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which has as a logical consequence that at least one of the �ow s has to be directed away
from the junction. At the junction itself only one piezometric head is possible. This means
that the energy losses in the individual pipes have to adjust accordingly. At the junction
the pressure head has a magnitude

hK =
pk

r g
+ zK

Thus it holds for the energy losses in the three pipes

Dh1 =
v2

1
2g

�
l 1

L1

d1
+ å z1

�
= z1 � hK

Dh2 =
v2

2
2g

�
l 2

L2

d2
+ å z2

�
= z2 � hK

Dh3 =
v2

3

2g

�
l 3

L3

d3
+ å z3

�
= z3 � hK

9.7 Transient �ow in ducts

9.7.1 Classi�cation

Transient �ows in ducts appear in different types of technic al applications. Here, we will only
brie�y mention some of them. We can make some classi�cations according to the degree of
transient �ow. This is done in the following for the one-dime nsional case with the help of the
Bernoulli equation (after algebraic transformation) after Eq. (5.40)

1
g

¶v
¶t

+
¶
¶s

�
v2

2g
+

p
r g

+ z
�

=
1
g

¶v
¶t

+
¶H
¶s

= 0 (9.41)

as well as with the one-dimensional mass conservation in the s coordinate direction

¶r
¶t

+
¶
¶s

(r v) =
¶r
¶t

+ v
¶r
¶s

+ r
¶v
¶s

= 0 (9.42)

� Quasi-steady-state description:
The temporal variation only happens very slowly, so the local acceleration is negligible. As
an approximation we get

r � const:
¶v
¶t

�
¶(v2=2)

¶s
H1 = H2

v� A = Q(t)

One example for this case is the draining of a storage basin during the operation of a
turbine, or the �lling of the basin during the operation of a p ump. Because the basin has a
large area, the water surface level in the basin changes slowly. Correspondingly, the �ow
velocities in the pipe system change slowly too.
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� Transient incompressible description:
The temporal variation of the velocity is such that the local acceleration can no longer be
neglected. The approximation for this case is

r � const:
¶v
¶t

�
¶(v2=2)

¶s

H1 = H2 +
1
g

Z 2

1

¶v
¶t

ds

v� A = Q(t)

An example can be found in the oscillating water body in a surge tank after the sudden
closing of a pressurized pipe in a power plant.

� Transient compressible description:
Very rapid temporal variations occur. Density changes (signi�cant compressibility effects)
become relevant. As an approximation we can write

r = f (s;t)
¶r
¶t

� v
¶r
¶s

¶v
¶t

�
¶(v2=2)

¶s
1
g

¶v
¶t

+
¶(p=(r g)+ z)

¶s
= 0

¶r
¶t

+ r
¶v
¶s

= 0

For example, a water hammer in a pressurized pipe after a valve is suddenly closed.

9.7.2 Filling and draining processes

We will now take a closer look at the example of a draining tank (Fig. 9.25), where we assume a
quasi-steady-state description.

v2

v1
z0

A 2

A  (z)1

t = 0

z

Figure 9.25: Draining of a tank (A2 � A1(z) ! quasi-steady-state description

From the continuity equation we obtain

v1A1(z) = v2A2 or �
dz
dt

A1(z) = v2A2 ; (9.43)
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where v1 = � dz=dt was used. Because we are assuming quasi-steady-state conditions for each
point in time the Bernoulli equation holds

H1(t) � H2(t) or
v2

1
2g|{z}
� 0

+ z1 =
v2

2
2g

! v2 =
p

2gz: (9.44)

If we combine the two equations we obtain the condition that

p
2gzA2 = �

dz
dt

A1(z)

or dt = �
A1(z)

A2

dz
p

2gz
(9.45)

We now have to integrate Eq. (9.45), where the function A1(z) has to be known. The simplest
case would be a container with vertical walls, where A1 = const:. In this case, integration after
inserting the initial conditions t = 0 : z= z0 then yields

A1 = const: : ! t = �
2A1

A2
p

2g

� p
z�

p
z0

�
(9.46)

9.7.3 Water level equilibrium

Yet another example of a quasi-steady-state pipe �ow, is the �ow between two large tanks until a
water level equilibrium is reached. The two tanks are connected by a pipe, the diameter of which
is small compared to the cross-sections of the tanks (Fig. 9.26).

z  - z1

z1

z3

A 1

A 3

A 2

Dz0

v2

3

t=0

t=0

Figure 9.26: Finding the water level equilibrium of two tanks. A2 � A1;A3

We can now derive conditions from the mass conservation equation and the Bernoulli equation
which give us a differential equation to mathematically describe the leveling process just as we
did for the draining from a container in the previous section. By applying the mass conservation
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condition, we know that the velocity with which the two water levels z1 and z3 approach each
other multiplied with the mean cross-section of both tanks (harmonic mean!) must be equal to
the �ow through the connecting pipe:

�
A1A3

A1 + A3

d(z1 � z3)
dt

= A2v2 (9.47)

Similar to Fig. 9.14, we can derive the Torricelli equation from the Bernoulli equation

v2 =
p

2g(z1 � z3) (9.48)

This can now be inserted into the mass conservation equation and after some rearrangement
we obtain the differential equation

dt = �
A1A3

(A1 + A3)A2

d(z1 � z3)
p

2g(z1 � z3)
: (9.49)

Integrating and inserting the initial conditions t = 0 : z1 � z3 = Dz0 �nally lead to

t =
2A1A3

(A1 + A3)A2

s
Dz0

2g

�
1�

r
z1 � z3

Dz0

�
: (9.50)

9.7.4 Water body oscillation, surge tank

A typical case of water body oscillation is water movement in a U-pipe (Fig. 9.27). In order to
describe this process a transient incompressible description can be chosen.

1

2

v

v

L

z

-z

Figure 9.27: Water body oscillation in a U-pipe

We use the Bernoulli equation as follows:

H1 � H2 =
1
g

Z 2

1

dv
dt

ds or

�
v2

2g
+ z

�
�

�
v2

2g
� z

�
=

L
g

dv
dt

(9.51)
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With v = dz=dt and therefore dv=dt = d2z=dt2 we obtain the following differential equation after
transformation:

d2z
dt2

�
2g
L

z= 0 (9.52)

Integration and insertion of the initial conditions t = 0 : z= z0 yield the oscillation

z= z0cos

 r
2g
L

t

!

with the period T = 2p

s
L
2g

: (9.53)

Water body oscillations have a practical relevance in hydraulic engineering. For example, the
pressure pipes in water power plants are protected from a sudden pressure surge into the pen-
stock by a surge tank (Fig. 9.28).

A r
A n

L r

v0

oscillation
region

zmax
z

Figure 9.28: Surge tank

When the �ow through the penstock is stopped due to the abrupt closing of the gate valve the
total kinetic energy of the water has to be transformed into potential energy in the surge tank.
We express this transformation as follows:

1
2

r LrArv2
0 = r zmaxAng

1
2

zmax (9.54)

and we can calculate the maximum oscillation in the surge tank as

zmax= � v0

s
ArLr

Ang
: (9.55)

To calculate the course of the oscillation of the water level inside the surge tank we can follow
the same approach as before. From the Bernoulli equation we get for the transient case

H1 � H2 =
1
g

Z 2

1

dv
dt

ds or � z=
Lr

g
dv0

dt
: (9.56)
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The continuity equations gives us

v0Ar = vnAn =
dz
dt

An or v0 =
dz
dt

An

Ar
: (9.57)

A combination of the two equations yields the differential equation

d2z
dt2

+ z
Ar

An

g
Lr

= 0 (9.58)

and after integration

z= z0cos

 r
Ar

An

g
Lr

t

!

with the period T = 2p

s
An

Ar

Lr

g
: (9.59)

In reality, however, the course of the oscillation is damped over time due to losses.

9.7.5 Water hammer

0v
0v   + a

0 1

a

penstock
control volume

a

a

Figure 9.29: A pressure surge moves with the velocitya inside a pipe (velocity of the base �ow:
v0). The control volume is moving with the shock wave.

Let us look at the example of a pipe which is connected to a water reservoir. There is a certain
�ow inside the pipe and at a given point in time the gate valve i s closed suddenly (see Fig. 9.29).
By the sudden closure a shock wave is formed which moves with approximately the velocity of
sound through the pipe and is re�ected at the reservoir. The a ctual propagation speed depends
on the elasticity of the pipe-wall material and lies somewhere between 500 m/s and 1450 m/s.
The �ow velocities inside a pipe system are typically around < 10 m/s, so in these cases we
have v � a.

9.7.5.1 Joukowsky shock

In order to derive the maximum pressure increase due to sudden closure of a gate valve we look
at a control volume which moves with the shock wave velocity a to the left, opposite to the base
�ow (Fig. 9.29). From the momentum equation we get that

p0A� p1A = r 1a2A� r 0(v0 + a)2A ; (9.60)
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where here the density differences induced by compression are considered. We assume that we
have a �uid which is only slightly compressible, so that only small density differences occur.
The continuity equation yields

A(v0 + a)r 0 = Aar 1 : (9.61)

With the combination of momentum and continuity equation we can write:

p0A� p1A = r 1a2A� ar 1(v0 + a)A = � r 1Aav0 : (9.62)

We can now divide by Ar 1g and obtain

DhD =
av0

g
where DhD =

p0 � p1

r 1g
(9.63)

as the maximum pressure increase which is induced by a sudden closure of the gate valve. A
pressure surge where DhD is reached is called a Joukowskyshock.

9.7.5.2 Equations for the pressure surge

1

2

r Q

¶
¶s

(r  Q)

a

r Q + ds

ds

z

p
gr

0

h

Figure 9.30: Mass balance at a stationary control volume

In this section the equations for a pressure surge are derived with the help of the continuity and
the momentum equations.
The continuity equation for a stationary control volume as shown in Fig. 9.30 can be written

¶
¶t

(r Ads) = r Q� (r Q+
¶
¶s

(r Q) ds) (9.64)

or
¶
¶t

(r A)+
¶
¶s

(r vA) = 0 : (9.65)
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After applying the product rule we obtain

r
�

¶A
¶t

+ v
¶A
¶s

�
+ A

�
¶r
¶t

+ v
¶r
¶s

�
+ r A

¶v
¶s

= 0 : (9.66)

If we assume that the �uid is only minimally compressible and that the elasticity of the pipe wall
is also small, we may make an approximation by considering r and A to be constants if they are
written out in front of the partial derivative: r � r 0 and A � A0. Further transformation of the
continuity equation yields

1
A0

dA
dt

+
1
r 0

dr
dt

+
¶v
¶s

= 0 (9.67)

where
dA
dt

=
¶A
¶t

+ v
¶A
¶s

and
dr
dt

=
¶r
¶t

+ v
¶r
¶s

In the following section we will assume a linear relationship between pressure and density

Dp = Ew
Dr
r 0

or (p� p0) =
Ew

r 0
(r � r 0) (9.68)

as well as a linear relationship between the pressure change and cross-sectional area

Dp = EADeA or (p� p0) =
EA

A0
(A� A0) (9.69)

Ew is the volume elasticity modulus of water (see Ch. 1.4.9). EA is an auxiliary variable which
can be interpreted as the E-modulus of the cross-section. Later on, EA will be expressed using
the E-modulus of the wall material.
Taking the derivatives of these relationships with respect to time and space for ¶A0=¶s= 0 (pipe
with constant cross-section) yields:

¶p
¶t

=
Ew

r 0

¶r
¶t

;
¶p
¶s

=
Ew

r 0

¶r
¶s

;
dp
dt

=
Ew

r 0

dr
dt

¶p
¶t

=
EA

A0

¶A
¶t

;
¶p
¶s

=
EA

A0

¶A
¶s

;
dp
dt

=
EA

A0

dA
dt

Inserting this in Eq. (9.67) yields:
�

1
EA

+
1

Ew

�
dp
dt

+
¶v
¶s

= 0 : (9.70)

The piezometric head h = p=(r 0g) + z is often used instead of the pressure as the variable. It
holds that

dp
dt

= r 0g
�

dh
dt

�
dz
dt

�
: (9.71)

After rearrangement with the help of

dz
dt

=
¶z
¶t|{z}
= 0

+ v
¶z
¶s|{z}

= sina

= vsina (9.72)
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we obtain
dp
dt

= r 0g
�

dh
dt

� vsina
�

: (9.73)

We furthermore use

a =

s
E
r 0

(9.74)

(velocity of sound after Eq. (1.24)), where E = ( 1=EA + 1=Ew)� 1, and we now can transform
Eq. (9.70) to:

g
a2

dh
dt

+
¶v
¶s

�
g
a2vsina = 0 : (9.75)

Given the assumption that v � a we are able to make the approximation

dh
dt

=
¶h
¶t

+ v
¶h
¶s

�
¶h
¶t

(9.76)

and

vsina �
¶h
¶t

; (9.77)

so that after multiplying Eq. (9.75) with A0 we �nally obtain for the continuity condition:

gA0

a2
¶h
¶t

+
¶Q
¶s

= 0 : (9.78)

1
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¶
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h
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p
gr
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Figure 9.31: Momentum balance at a stationary control volume

The momentum balance between cross-sections 1 and 2 (see Fig. 9.31) considering pressure
forces and friction forces as well as the difference between in�owing and out�owing momentum
initially yields

¶
¶t

(r vAds) = �
¶
¶s

(r Qv) ds�
¶
¶s

(pA) ds� r gAsina ds� t 0U ds: (9.79)
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Dividing by dsand using the product rule leaves us with

r A
¶v
¶t

+ r v
¶A
¶t

+ vA
¶r
¶t

= � r Q
¶v
¶s

� r vA
¶v
¶s

� r vv
¶A
¶s

+ vQ
¶r
¶s

� A
¶p
¶s

� t 0U � r gAsina (9.80)

and after some further rearrangement

r A
¶v
¶t

+ v
�

r
dA
dt

+ A
dr
dt

+ 2r A
¶v
¶s

�
= � A

¶p
¶s

� t 0U � r gAsina : (9.81)

Due to the continuity equation (compare with Eq. (9.66)) we have

r
dA
dt

+ A
dr
dt

+ r A
¶v
¶s

= 0; (9.82)

so that

r A
dv
dt

= � A
¶p
¶s

� t 0U � r gAsina or
1
r g

¶p
¶s

+
1
g

dv
dt

+
t 0U
r gA

+ sina = 0 : (9.83)

After introducing the piezometric head h and the slope of the energy grade line IE = hv=L =
t 0U=r gA according to Eq. (9.5) we �nally obtain

¶h
¶s

+
1
g

dv
dt

+ IE = 0 (9.84)

and as v � a, i.e. dv=dt � ¶v=¶t

¶h
¶s

+
1
g

¶v
¶t

+ IE = 0 : (9.85)

If we assume that A = const. this equation can be further rearranged to

¶h
¶s

+
1

gA
¶Q
¶t

+ IE = 0 : (9.86)

9.7.5.3 Shock waves in pipes with thin walls
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Figure 9.32: Change of diameterD of a pipe due toDp.
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Let us look at a circular pipe with a wall-thickness of s and an inner diameter of D. According to
its E-modulus, D increases under the in�uence of Dp by DD. If we assume a linear relationship
between the change of pressure and of the cross-section we can write

Dp = EA
DA
A

: (9.87)

Accordingly, a relationship for the wall material can be formulated:

DpD
2s

= Es
DU
U

: (9.88)

Here U stands for the circumference of the pipe and DU is the increase due to the in�uence of
Dp. Because of

DA � p
DDD

2
we have

DA
A

� 2
DD
D

:

Furthermore we have
DU
U

=
DD
D

and with this
DpD

2s
= Es

DD
D

:

In order to eliminate Dp from this relationship we write

Dp =
s
D

Es2
DD
D

=
s
D

Es
DA
A

: (9.89)

After a comparison with Eq. (9.87) we see that

EA =
s
D

Es : (9.90)

According to Eq. (9.74) the propagation speed of the shock wave is a =
p

E=r 0. With

1
E

=
1

EA
+

1
Ew

(9.91)

and applying Eq. (9.90) we obtain

a =

s
Ew=r 0

D
s

Ew
Es

+ 1
=

a0q
D
s

Ew
Es

+ 1
; (9.92)

where for water a0 =
p

Ew=r 0 � 1420m/s. The propagation speed as in Eq. (9.92) is decisive
for the calculation of the maximum pressure increase for the Joukowskyshock (see Eq. (9.63)).
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9.8 Summary

� Pipe �ow is induced by the pressure difference between two po ints.

� Some distance from the entrance of the pipe (entrance length Le, depends on the Reynolds
number) a fully developed velocity pro�le is present.

� One can distinguish between laminar and turbulent �ow. The t ransition point is Re � 2300.

� Energy losses in pipe �ow occur due to wall friction (�ow law a ccording to Darcy and
Weisbach):

head loss hwall = l
L

dhy

v2

2g

� Depending on the �ow type, the friction factor l is a function of the Reynolds number Re,
the hydraulic diameter dhy, and the equivalent wall roughness k. l can be obtained with
the help of the Moody chart.

� Local losses can appear when changes in the pipe system occur (e.g. sudden contractions
or expansions of the pipe, bends, branchings):

head loss hlocal = z
v2

2g

� If the pipe �ow is steady-state and frictionless the energy h ead stays constant:

H =
v2

2g
+

p
r g

+ z= const:

� The hydraulic head line, which describes the piezometric head, is located at the distance
v2

2g below the energy grade line.

� The velocity for a free �ow from a tank can be described with th e Torricelli equation:

v =
p

2gDh

� When a free jet leaves through a nozzle, a contraction of the � ow cross-section takes place
(vena contracta). This effect can be accounted for by applying the correction factor cc.

� For pipe �ow with friction energy losses arise along the pipe . The Bernoulli equation can
then be written as:

v2
1

2g
+

p1

r 1g
+ z1 =

v2
2

2g
+

p2

r 2g
+ z2 + hv + hA

Here, hv is a combination of friction losses and local losses. hA comprises the energy,
which is introduced into the system by pumps or withdrawn from the system by turbines.

� If the pipe �ow varies over time, we can distinguish between a quasi-steady-state and a
transient point of view.

� If a pipe is suddenly closed, a shock wave is formed which moves through the pipe. This
shock wave can be stopped with the help of a surge tank.
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9.9 Exercises

1. Pipe �ow is considered laminar, if ...

a) ... the pathlines are parallel.

b) ... the viscosity is very small.

c) ... the velocity is constant across the cross-section.

d) ... the mean value of the occurring turbulences is zero.

e) ... the Reynolds number is very small.

2. The �ow law according to Darcy and Weisbach ...

a) ... is only valid for hydraulically rough �ow.

b) ... is only valid for laminar �ow.

c) ... considers the thickness of the pipe wall.

d) ... is independent of the viscosity of the �uid.

e) None of the above.

3. The friction factor l depends on ...

a) ... temperature and density of the �uid.

b) ... changes in the cross-section of the pipe.

c) ... �ow velocity and pipe geometry.

d) ... air pressure and pressure in the �uid.

e) none of the above.

4. Local losses in pipe �ow happen due to ...

a) ... friction losses, which occur along the �ow path.

b) ... changes of direction and branchings of the pipe.

c) ... changes in temperature.

d) ... a pressure increase along the pipe axis.

e) ... a jump in the energy grade line.

5. A container is �lled up to the height h with oil of the density r . The velocity v, with which
the oil leaves the bottom outlet of the container, is calculated by using ...

a) r gh

b) v2=(2g)

c)
p

r gh

d)
p

2gh

e) p=(r g)

f) Q=A
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6. When considering pipe �ow of a real �uid ...

a) ... there is always an underpressure in the system.

b) ... the energy head is always constant..

c) ... the velocity head is always constant.

d) ... the pressure head is always constant.

e) ... the �ow is always transient.

f) none of the above.



Chapter 10

Open-channel �ow

The fundamental difference between �ow in ducts and open-ch annel �ow is that in the latter
case a free water-surface exists. Pipe �ows are driven by a pr essure gradient between the ends
of the pipe, whereas open-channel �ows are determined by a (i m-)balance of forces between
gravity (weight of the �uid) and wall friction. The free surf ace is usually exposed to ambient
pressure. Therefore, the pressure is constant so that the course of the water level is equivalent
to the hydraulic grade line (see Ch. 4.6).
In this chapter we will restrict ourselves to the �uid 'water '. The �ow is generally turbulent, as
the dimensions of the system are usually large and the kinematic viscosity of water is relatively
small.

10.1 One-dimensional description

Open-channel �ow usually has a three-dimensional velocity pro�le. At the sides the no-slip
condition is valid (velocity becomes zero). If the channel also meanders (�ows in curves), higher
velocities will occur due to centrifugal effects at the side with the larger radius. Fig. 10.1 shows
some measured isolines, contours of the velocity in different pro�le cross-sections. We can see
that the maximum velocity occurs in the middle, approximately 25 % below the water surface.
Even though increasing computational power allows more and more complex multi-dimensional
�ows to be simulated numerically, one-dimensional approxi mations are still used for many prac-
tical engineering problems.
In the following some terms will be de�ned and derived which a re used for the one-dimensional
description of open-channel �ow. For steady-state �ow with constant density (incompressible) it
holds, according to Eq. (4.15), that the volume �ow Q along the �ow-coordinate x is constant:

v(x) A(x) = Q = const. (10.1)

Here, v(x) is the velocity averaged over the cross-section at point x. The local cross-sectional
area is A(x).
Furthermore, we can write the one-dimensional energy balance equation including the head
loss between two cross-sections (cross-section 1 upstream, cross-section 2 downstream, see
Fig. 10.2). For this we look at the locations 1 and 2 positioned at the water surface. Here, we

163
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Figure 10.1: Isolines of the velocity pro�le in channel cross-sections

have atmospheric pressure, p1 = p2 = patm, which gives us

H0;1 + Dz = H0;2 + hv (10.2)

or
v2

1
2g

+ y1 + Dz =
v2

2
2g

+ y2 + hv : (10.3)

H0 is the speci�c energy head related to the channel bottom (see Ch. 10.3).
The head loss can, in principle, be calculated with the approach after Darcy and Weisbachas in
Eq. (9.22):

hv = l
x2 � x1

dhy;m

v2
m

2g
; (10.4)

where the friction factor l corresponds to a value averaged between the cross-sections 1 and 2.
The same applies to the mean velocity vm and the mean hydraulic diameter dhy;m.
For open-channel hydraulics, in most cases, the hydraulic radius rhy is used as a characteristic
parameter (see also Ch. 10.6.1). Similar to the derivation of Eq. (9.7), we get for the hydraulic
radius

rhy =
1
4

dhy =
A
P

; (10.5)

where P is the wetted perimeter (see Fig. 10.3). The wetted perimeter does not include the
free water surface. For example we get for a rectangular cross-section of width b with the water
height y that P = b+ 2y.
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Figure 10.2: One-dimensional open-channel �ow: cross-section 1 upstream, cross-section 2
downstream.

y
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P

Figure 10.3: One-dimensional approximation of arbitrary cross-sections: de�nition of equiva-
lent water depth ¯y and wetted perimeterP.

In nature, generally no rectangular channels or other regular cross-sections occur. Therefore,
the mean values of the cross-sections are often considered. For this, an equivalent water level is
de�ned, as shown in Fig. 10.3, where we use the width of the wat er table as a reference value:

ȳ =
A
b0

(10.6)

With this, we can calculate the speci�c energy head H0 as follows:

H0 = ȳ+
v2

2g
= ȳ+

Q2

2gȳ2b2
0

(10.7)

10.2 Froude number – �ow regimes

The Froude number is a dimensionless variable which describes the ratio of the channel �ow
velocity and the propagation velocity of a shallow-water surface wave.
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Figure 10.4: Investigation of the propagation of a small shallow-water wave in still shallow
water: moving wave (a) and �xed wave (b) in an control volume after [?].

Fig. 10.4 shows schematically the propagation of a very small wave which moves along the
water surface. Case a) shows the propagation of a wave with height dy with the velocity c in
still shallow water. In order to consider this case as steady-state, we choose a control volume
moving with the wave ! case b). Continuity of mass then leads to

r c yb= r (c� dv)(y+ dy)b or dv = c
dy

y+ dy
(10.8)

From Eq. (10.8) it becomes clear that the change of the velocity dv induced by the surface wave
is very small when dy � y.
The momentum balance for the control volume from Fig. 10.4 b) gives us – by neglecting bottom
friction – an equilibrium between the hydrostatic pressure force and momentum:

�
1
2

r gb
�
(y+ dy)2 � y2�

= r cby((c� dv) � c) or dv =
1
c

g

 

1+
1
2dy
y

!

dy (10.9)

We can now eliminate dv from Eq. (10.8) and (10.9) and we obtain a relationship which gives us
the wave propagation speed depending on the wave height and water depth.

c2 = gy
�

1+
dy
y

�  

1+
1
2dy
y

!

(10.10)

The larger the wave height dy, the faster it propagates with the speed c. If we look at the limit
dy ! 0, we obtain

c =
p

gy for dy ! 0 : (10.11)

As already mentioned, the Froude number Fr describes the ratio of the velocities of underlying
�ow and wave propagation, where an in�nitesimally small wav e is considered so that Eq. (10.11)
holds.

Fr =
v

p
gy

(10.12)
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A classi�cation of different �ow regimes can be done with the help of the Froude number

Fr < 1:0 subcritical �ow

Fr > 1:0 supercritical �ow

Fr = 1:0 critical �ow

From the de�nition of the Froude number we obtain that a pertu rbation in subcritical �ow can
propagate in the downstream, as well as, in the upstream direction. For supercritical �ow, the
perturbation can only propagate downstream.
Concerning the Froude number and the propagation speed of an in�nitesimally small shallow-
water surface wave, we refer to the analogy of the Mach number Ma and the propagation speed
of sound waves a (see Ch. 1.4.10). The analogy to supercritical �ow is then su personic �ow.

supercritical
flow

critical
flow

subcritical
flow

hydraulic
jump

energy
grade line

specific
energy

lake

Figure 10.5: Different �ow regimes in a �ow over a weir

Fig. 10.5 shows different �ow regimes for the �ow over a weir. At �rst, a nearly still water level is
present, the �ow velocity is approximately zero. When �owin g over the weir, the �ow is acceler-
ating and a region of critical �ow develops on the weir crest, which leads to supercritical �ow on
the back of the weir. The transition from supercritical �ow t o subcritical �ow is discontinuous. A
hydraulic jump occurs which has large energy losses.

10.3 Speci�c energy and discharge diagrams

The speci�c energy head H0 has already been introduced in Eq. (10.2). It is composed of the
water depth y and the velocity head. With this, it is a measure for the energy of the �ow in relation
to the channel bottom (see Fig. 10.6).

H0 = y+
v2

2g
(10.13)
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Figure 10.6: EnergyH and speci�c energyH0 in different channel sections

10.3.1 Rectangular channels

The speci�c discharge q per meter channel width is de�ned by

q =
Q
b

= vy (10.14)

With this, Eq. (10.13) can be rearranged to

H0 = y+
q2

2gy2 (10.15)

10.3.1.1 Speci�c discharge is constant

The diagram in Fig. 10.7 shows the water depth y as a function of the speci�c energy H0 for
constant speci�c discharge q. H0min is the minimum speci�c energy which is needed to still
deliver q. In the case of H0min, the water has the critical depth ycr. (ycr is the transition point
between supercritical and subcritical �ow.)
We can calculate H0min for constant q depending on y by using dH0=dy= 0 (see Eq. (10.15)):

dH0

dy
= 1�

q2

gy3
!= 0 ! y = ycr =

�
q2

g

� 1=3

(10.16)

By inserting this into Eq. (10.13) we obtain the corresponding necessary minimum H0:

H0min =
v2

cr

2g
+ ycr =

� p
gycr

� 2

2g
+ ycr =

3
2

ycr (10.17)

In the case of H0 < H0min the given discharge q cannot be delivered. In the case of H0 > H0min,
two water depths are possible where q can be delivered: a small water depth, which corresponds
to supercritical �ow and a large water depth which correspon ds to subcritical �ow.

10.3.1.2 Speci�c energy is constant

The diagram in Fig. 10.8 shows the water depth y depending on the speci�c discharge q for
constant H0. The maximum discharge qmax (critical discharge) occurs for the critical depth ycr,
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Figure 10.7: Speci�c energy diagram forq = const.

which can be calculated from a given H0 by rearranging Eq. (10.17):

ycr =
2
3

H0 : (10.18)

qmax

y

q

= 2 H_

0H

ycr 3 0

Figure 10.8: Speci�c discharge diagram forH0 = const.

For q > qmax the given speci�c energy does not suf�ce. On the other hand, a gain two solutions
exist for q < qmax, one for supercritical and one for subcritical �ow.
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10.3.2 Nonrectangular channels

The diagrams for speci�c energy and speci�c discharge for ar bitrary cross-sections are related
to a one-dimensional approximation with mean values, as already discussed in Ch. 10.1. The
de�nition of the speci�c energy was done by Eq. (10.7). The co rresponding critical depth can be
obtained by using dH0=dȳ = 0:

ȳcr =
�

Q2

gb2
0

� 1=3

: (10.19)

10.3.3 Example: Frictionless �ow over a bump

Let us consider a �ow over a bump in an in�nitely long rectangu lar channel (two-dimensional
�ow, see Fig. 10.9 left). We can distinguish two cases, namel y subcritical and supercritical �ow.
For both cases the shape of the free surface is sharply different. The cross-sections 1 and 2 are
related to each other on the one hand via the continuity condition

v1y1 = v2y2 (10.20)

and on the other hand via the Bernoulli equation (momentum balance)

H01 = H02 + Dh or
v2

1
2g

+ y1 =
v2

2
2g

+ y2 + Dh : (10.21)

If we eliminate v2 from these two equations, we obtain a cubic equation for the water depth y2
over the bump.

y3
2 � y2

2

�
v2

1
2g

+ y1 � Dh
�

+
v2

1y2
1

2g
= 0 or y3

2 � y2
2H02 +

v2
1y2

1
2g

= 0 (10.22)

This equation has one negative and two positive solutions if Dh is not too large. Which one of
the two positive solutions makes physical sense (and is therefore correct) depends on the state
of �ow: on which leg of the curve in Fig. 10.9 right the conditi on in point 1 is located.
The speci�c energy H02 is exactly Dh less than H01. Point 2 is located on the same leg of the
curve as point 1. For a subcritical �ow we move from point 1 to 2 to lower water depths, for
supercritical �ow to larger water depths, respectively.
If Dh = H01 � H0min, we have critical �ow over the bump. When Dh increases further, no physical
solution exists any more. The energy head in front of the bump is not enough to deliver the given
discharge.

10.4 Hydraulic jump

The hydraulic jump is a discontinuous transition from supercritical to subcritical �ow (see Fig.
10.5). Due to very strong turbulences, the hydraulic jump effectively dissipates energy. Because
of this, it is purposefully applied for example in stilling basins following the spillway chute of a
reservoir.
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Figure 10.9: Frictionless �ow over a bump. Two cases have to be distinguished: supercritical
�ow and subcritical �ow.

The behavior of a hydraulic jump is predominantly affected by the upstream Froude number (in
this case always: Fr > 1). The larger the Froude number, the larger the energy loss due to the
hydraulic jump.
The following considerations are strictly speaking only valid for a horizontal channel bottom. For
an inclined bottom, the weight of the �uid must also be consid ered. However, this in�uence can
generally be neglected if the bottom inclination is not too steep.
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Figure 10.10: Hydraulic jump

At �rst, we again write down the continuity condition for the control volume sketched in Fig. 10.10
(assumption: constant channel width b):

y1v1b1 = y2v2b2 : (10.23)

From the momentum balance equation we get with the consideration of the hydrostatic pressure
forces

1
2

r gb(y2
1 � y2

2) = r v1y1b(v2 � v1) : (10.24)

After some rearrangements and by using Fr1= v1=
p

gy1 and Fr2= v2=
p

gy2, respectively, we get
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the relationships

y2

y1
=

1
2

� q
1+ 8Fr21 � 1

�
(10.25)

y1

y2
=

1
2

� q
1+ 8Fr22 � 1

�
: (10.26)

We call y1 and y2 the conjugated depthsof the hydraulic jump. If, however, the hydraulic jump
is induced in a stilling basin e.g. by installing impact bodies, we also have to include in the
momentum balance the forces absorbed by the bodies and those imposed on the �ow. In such
a case, in general, no conjugated depths are present.
The energy loss due to the hydraulic jump can easily be quanti�ed by comparing the upstream
and downstream energy head. By inserting the above relationship for v2 and y2 from the Eqs.
(10.23) and (10.25) or (10.26) we get after some algebraic manipulations

DH = H01 � H02 =
(y2 � y1)3

4y1y2
: (10.27)

10.5 Discharge control

The �uid follows the principle of least constraint.

� For a given channel geometry and a given level of the available energy head the maximal
possible discharge occurs.

The cross-section which can deliver the smallest Qmax (at critical �ow conditions) for a
given level of the available energy, controls the discharge.

� For a given discharge the minimal required energy level adapts in such a way that the
discharge can be delivered.

The discharge is controlled in that cross-section where the maximum absolute energy
head (H0 + distance to the datum line) is required to let the given discharge pass through.

The locus of discharge control is always characterized by critical �ow conditions. Furthermore,
it is always valid:

� Supercritical �ow is controlled upstream.

� Subcritical �ow is controlled downstream.

10.6 Uniform �ow with friction

In long undisturbed channels with constant bottom inclination and constant cross-section the
�ow conditions are uniform (normal-depth conditions). If normal-depth conditions are given,
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then there is an equilibrium between the component of the gravity in �ow direction and the
friction-induced forces due to shear stress.Basically, the same considerations are valid as for
�ow in ducts (see Ch. 9.2 and 9.4).
For normal-depth conditions, the �ow can be supercritical a s well as subcritical. Dependent on
the �ow regime at normal-depth conditions, the channel slop e can be classi�ed:

� mild slope:
The normal depth yN is larger than the critical depth ycr (yN > ycr).
subcritical normal-depth conditions

� steep slope:
The normal depth yN is smaller than the critical depth ycr (yN < ycr).
supercritical normal-depth conditions

� critical slope:
The normal depth yN is equal to the critical depth ycr (yN = ycr).
critical normal-depth conditions

10.6.1 Ch́ezy equation

For normal-depth conditions, the normal depth yN is present. The bottom slope of the channel is
I0 = tana, where a is the angle between the bottom and the horizontal. I0 is positive in the case
of decline. When using v1 = v2 = v0 and y1 = y2 = yN, Eq. (10.3) can be rearranged to

hv = Dz= I0L ; (10.28)

where L is the horizontal distance between the cross-sections 1 and 2. For normal �ow condi-
tions, the �ow can be assumed as fully developed. Here, again , the condition after Darcy and
Weisbach holds (see Ch. 9.4.2):

hv = l
L

dhy

v2

2g
with dhy =

4A
P

(10.29)

In channel hydraulics, usually not the hydraulic diameter but the hydraulic radius rhy is used.
If we now want to replace dhy in the Darcy-Weisbach equation, we have to remember that the
(hydraulic) diameter already found its way into the computation of l by means of the Reynolds
number. This is why we obtain for the hydraulic radius

rhy =
1
4

dhy =
A
Lu

(10.30)

which is not equal to the ”mathematical” relationship between radius and diameter.
By combinations equations (10.28) and (10.29) and algebraic transformation, follows a relation-
ship for the �ow velocity for normal-depth conditions

v0 =
�

8g
l

� 1=2

r1=2
hy I1=2

0 : (10.31)
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For a given channel cross-section and a given bottom roughness, (8g=l )1=2 is a constant value
which is described by the variable C = ( 8g=l )1=2. This approach was developed by the French
engineer Antoine Chézy (ca. 1769). C is therefore called the Chézy coef�cient. The Ch ézy
approach, however, could not take hold in channel hydraulics as nobody succeeded in adjusting
C is such a way that it would describe the real �ow processes tak ing place in a channel with
suf�cient accuracy. It serves, however, as a basis for the Ga uckler-Manning-Strickler equation
which is explained in the next section.

10.6.2 Gauckler-Manning-Strickler equation

A quite useful formula to determine the �ow velocity for norm al-depth conditions is the Gauckler-
Manning-Strickler equation1. It could be shown that the Chézy coef�cient C increases approxi-
mately with the sixth root of the hydraulic radius:

C =
�

8g
l

� 1=2

� r1=6
hy kst : (10.32)

The variable kst, which is often called Strickler coef�cient, is a roughness parameter. With this,
Eq. (10.31) can be rearranged to the Gauckler-Manning-Strickler equation

v0 = kstr
2=3
hy I1=2

0 : (10.33)

Table 10.1 shows some values for kst for different channel properties.

Table 10.1: Roughness coef�cients kst for open channel �ow

Type of channel kst [m1=3

s ]
natural channels
river bed with �rm bottom, no irregularities 40
neckar near Wendlingen 35
river bed, covered with aquatic plants 30-35
river bed with boulders and irregularities 30
river with high bed load 28
torrent with large debris (head-sized stones) 19-28

earth channels
in solid material, smooth 60
river bed with sand and gravel, plastered banks 40-50
�ne gravel, approx. 10/20/30 mm 45
coarse gravel, approx. 50/100/150 mm 35
lined with large stones 25-30

rock channels
medium coarse rock excavation 25-30

1after Robert Manning (1816 - 1897), Philippe Gaspard Gauckler (1826 - 1905) and Albert Strickler (publica-
tion in 1923 in Bern)
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rock excavation with careful blasting 20-25
very large rock excavation, large irregularities 15-20

brickwork channels
brick, also clinker, well joint 80
ashlar, square stone blocks 70-80
rubble masonry 70
masonry (normal) 60
coarse rubble masonry, stones only roughly trimmed 50
rubble masonry walls, paved banks with bed of sand and gravel 45-50

concrete channels
smooth cement surface, steel formwork 100
smoothly plastered 90-95
concrete, constructed with wooden formwork, without plaster 65-70
compressed concrete with smooth surface 60-65
old concrete, clean surface 60
coarse concrete lining 55
irregular concrete surface 50

sheet-metal channels
new cast-iron pipes 90
riveted pipes, no countersunk rivets 65-70

other linings
asphalt lining 70-75

galleries and concrete pipelines
smoothed cement-mortar lining 100
normal concrete gallery 70-80
concrete gallery with coarse concrete, older cement plaster 65-75
rough rock excavation, bottom concrete-lined 40-50
gallery in rough rock excavation (gneissic granite) 28-35

10.6.3 Computation of the critical �ow depth yN

When the water depth yN is known, the corresponding �ow velocity for normal conditi ons can
be easily calculated with the help of the Gauckler-Manning-Strickler equation. The discharge
can easily be obtained by Q = v � A. It is more complicated to �nd for a given discharge Q
the corresponding normal depth yN. This requires an iterative calculation with the Gauckler-
Manning-Strickler equation or the Trial-and-Error method.
A graphical determination of the normal depth for given discharge with known parameters of the
cross-section can be done for trapezoidal cross-section with the help of Fig. 10.11. For this, at
�rst the auxiliary variable Sb has to be calculated. For different embankment inclinations m then
the ratio between the normal depth yN and the bottom width b can be read off.
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Figure 10.11: Graphical evaluation of the Gauckler-Manning-Strickler equation for the deter-
mination of the normal depth for given discharge in trapezoidal cross-sections.

10.7 Gradually varied �ow

In general, an open-channel �ow is not uniform as assumed in t he previous chapter, but it is
more or less non-uniform, e.g. due to a change in the bottom slope, different bottom frictions
or damming of water. (For the explanations of ”uniform” and ”non-uniform”, also see Ch. 3.1.5.)
In this chapter a calculation approach is discussed which is by approximation valid for weakly
non-uniform channel �ow. For this, some assumptions are mad e:

� Slow change of bottom slope, cross-section, and water depth (no hydraulic jump).

� One-dimensional velocity distribution.

� Pressure distribution approximately hydrostatic.
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10.7.1 Derivation of the underlying differential equation

The �ow has to ful�ll the continuity equation and the energy e quation under consideration of the
bottom friction losses. Primary unknowns are the steady-state �ow velocity v(x) and the water
depth y(x). The coordinate in the �ow direction is x.
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Figure 10.12: Gradually varied �ow between two channel cross-sections in the intervaldx.
Assumption:a andI0 very small,! ycosa � y.

The steady-state energy equation between x and x+ dxas illustrated in Fig. 10.12 can be written
as

I0dx+ y+
v2

2g
= y+ dy+

v2

2g
+ d

v2

2g
+ IE;mdx (10.34)

or
dy
dx

+
d
dx

�
v2

2g

�
= I0 � IE;m : (10.35)

IE;m is the mean slope of the energy grade line between x and x+ dx.
From the continuity equation we get the condition that Q(x) = A(x)v(x) = const. or

d(Av)
dx

= 0 = A
dv
dx

+ v
dA
dx

: (10.36)

We can use Eq. (10.36) to eliminate dv=dx from Eq. (10.35). With dv2 = 2v dvand dA= b dy
we can write the following differential equation:

dy
dx

�
1�

v2b
gA

�
= I0 � IE;m : (10.37)
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If we substitute b=A = 1=y (rectangular channel or Eq. (10.6)), respectively), we can also write:

dy
dx

=
I0 � IE;m

1� Fr2
: (10.38)

Please note that the sign of the denominator on the right hand side depends on the �ow state.
For supercritical �ow the denominator is negative, for subc ritical �ow, positive. The sign of the
numerator results from the ratio between bottom slope to the mean slope of the energy grade
line. By de�nition, the bottom slope is equal to the slope of t he energy grade line for normal-depth
conditions. We can write by rearranging the Gauckler-Manning-Strickler equation (10.33):

IE;m =
v2

k2
str

4=3
hy

: (10.39)

The Gauckler-Manning-Strickler equation in the form of Eq. (10.33) has been derived for normal-
depth conditions. That is why in this case it holds that I0 = IE. In this case, however, we assumed
non-uniform �ow between two channel cross-sections and the refore substituted I0 by IE;m.
For water depths which differ from the normal depth it holds that:

� y < yN:
The �ow velocity is larger than at normal-depth conditions. Since the losses increase with
increasing velocities, it follows that the slope of the EGL is larger than the bottom slope.
IE > I0

� y > yN:
The opposite case holds accordingly.
IE < I0

10.7.2 Classi�cation of water-level shapes

In Figs. 10.13 to 10.17 different typical shapes of the water surface for weak non-uniform �ow
are classi�ed depending on the type of bottom slope (see p. 17 3). We also speak of drawdown
curves or backwater curves.
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Figure 10.13: Solution curves for a steep slope
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Figure 10.14: Solution curves for a mild slope
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Figure 10.15: Solution curves for a critical slope

10.7.3 Solving the differential equation

The differential equation derived in Ch. 10.7.1 can be written for a given discharge Q as

dy
dx

=
I0 � Q2

k2
str

4=3
hy A2

1� Q2b
gA3

(10.40)

By introducing the initial conditions y = y0 and x = x0, Eq. (10.40) can be solved step by step by
(numerical) integration after choosing an increment (discretization length) Dx and Dy. However,
the cross-sectional parameters b, P and A as well as the bottom inclination have to be known
everywhere. If y converges towards the normal depth ycr, the denominator goes to zero (see
also Eq. (10.38)). In order to keep the discretization error as small as possible, in this region
small step-sizes for Dx and Dy have to be chosen. It is reasonable to calculate against the � ow
direction for subcritical �ow and to calculate in �ow direct ion for supercritical �ow.

Single-step approximation:
As a rough approximation it is for most cases suf�cient to mak e a single-step approximation,
e.g., to calculate the upstream end of a backwater curve where still normal-depth conditions are
present (in other words, determining the distance in the upstream direction a damming structure
has in�uence on the �ow condition). For this, we again look at Fig. 10.12. Let the upstream
cross-section be cross-section 1 and the downstream cross-section be 2. Instead of Eq. (10.34)
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Figure 10.16: Solution curves for a horizontal bottom

3A

ycr

I0 < 0

Adverse (A)
2A

I0 < 0

A2

3A

ycry >
ycry <

:

:
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������

������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������

Figure 10.17: Solution curves for an adverse slope

we can also write:
v2

1
2g

+ y1 + DxI0 =
v2

2
2g

+ y2 + DxIE;m : (10.41)

By using the mean values of the cross-sections 1 and 2 for rhy;m = ( rhy;1 + rhy;2)=2 and accord-
ingly vm = ( v1 + v2)=2 we obtain for IE;m:

IE;m =
v2

m

k2
str

4=3
hy;m

: (10.42)

By combining these equations and using the continuity condition we get

Dx =

�
y2 + v2

2
2g

�
�

�
y1 + v2

1
2g

�

I0 � v2
m

k2
str

4=3
hy;m

=
H02 � H01

I0 � IE;m
: (10.43)

10.7.4 Composite �ow pro�les

Due to changes in the bottom roughness or the bottom slope, different water levels and �ow
regimes occur in the course of a channel. This is shown in a simpli�ed way in Figs. 10.18 and
10.19.
In natural channels, the changes of bottom parameters are in general continuous, however, the
principle behavior can be shown with the help of these simpli�cations. We can see that the
transition from subcritical to supercritical �ow (from mil d to steep slope) is continuous; we have
an S2 curve following an M2 curve. The other way round, only a discontinuous solution (hydraulic
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Figure 10.18: Different water depths in channel regions with different roughness. Although
I0 is constant, a change in bottom roughness can induce a changein classi�cation of the slope
(”mild” or ”steep”).
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Figure 10.19: Different water depths in channel regions with different bottom slopes.

jump) is possible. Depending on the type of the water-level curve, the slope of the energy grade
line adjusts in relation to the bottom slope following the discussions in Ch. 10.7.1. The here
shown examples only cover a small range, as many possibilities of composite �ow pro�les exist.

10.8 Weirs in open-channel �ow

10.8.1 Broad-crested weirs

In case of �ow over a broad-crested weir (see Fig. 10.20), cri tical �ow conditions occur on the
weir crest (position of discharge control). In the following, the simplifying assumption is valid
that the �ow is by approximation one-dimensional. The in�ue nce of wall effects at the lateral
boundaries of the weirs are not considered.
If we write the Bernoulli equation between the upstream pro� le and the weir crest, we have

v2
1

2g
+ h1 + w0 =

v2
cr

2g
+ ycr + w0 (10.44)
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Figure 10.20: Flow over a broad-crested weir

and because of v2
cr = gycr we get for ycr:

ycr =
2h1

3
+

v2
1

3g
=

2H1

3

�
2h1

3
for

v2
1

3g
�

2h1

3
: (10.45)

Accordingly, we get for the speci�c discharge over a broad-c rested weir

q =
1

p
3

2
3

p
2gh3=2

1 : (10.46)

In reality, the discharge still depends on geometric parameters: the factor 1=
p

3 � 0:577has to
be corrected. Instead of Eq. (10.46) it is therefore often written that

q = µ
2
3

p
2g h3=2

1 : (10.47)

Eq. (10.47) is used in this form also for different weir shapes. The discharge coef�cient µ must
be determined by experiments. You can �nd extensive investi gations in the literature.
For a broad-crested weir with a round upstream crest for example a correlation can be found
between µ and the thickness of the turbulent boundary layer which occurs on the weir crest. In
this case µ can decrease in the order of 10%.

10.8.2 Sharp-crested weirs

The discharge over a sharp-crested weir can be approximated as in the previous section on
broad-crested weirs with simple assumptions. The goal is to derive a discharge formula similar
to Eq. (10.47). In Fig. 10.21 the �ow over a sharp-crested wei r is shown schematically. We
assume that along the streamline 1–2 the Bernoulli equation is valid. Furthermore, we assume
that a water depth is reached on the top of the weir that approximately corresponds to the critical
depth, about 2

3h1. Point 2 on the streamline therefore lies at 1
3h1. It then holds that:

v2
1

2g
+ h1 =

v2
2

2g
+

1
3

h1 : (10.48)
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Figure 10.21: Flow over a sharp-crested weir

The speci�c discharge q is then obtained by

q = v2
2
3

h1 =
2
3

p
2g

s
v2

1
2g

h2
1 +

2
3

h3
1 : (10.49)

If we neglect the upstream velocity (v2
1=2g � 0) we can write the weir formula for this case as

follows:

q = µ
2
3

p
2g h3=2

1 with µ =
p

2=3 � 0:81: (10.50)

This approximation of the discharge coef�cient µ � 0:81 is only very rough. In reality µ is a
function of the weir geometry and the ratio h1=w0. The discharge equation of Poleni gives e.g.
for h1=w0 < 6: µ = 0:611+ 0:075h1=w0.

10.8.3 Round-crested weirs

The geometry of a round-crested weir is in general chosen in such a way that for a certain design
water level on the weir h1a the desired discharge can be delivered in such a way that atmospheric
pressure is present on the crest of the weir. This results from the course of the nappe (water
over�ow) for a sharp-crested ventilated weir (see Fig. 10.2 2). Fig. 10.23 shows schematically
the change of the discharge coef�cient µ at the design water level of the weir h1 = h1a.
For h1 > h1a an under-pressure occurs on the crest of the weir; the nappe (water over�ow) is
sucked to the weir crest and the discharge coef�cient is incr eased. Accordingly, over-pressure
occurs on the weir crest for h1 < h1a so that the discharge coef�cient decreases.
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Figure 10.22: Comparison between sharp-crested and round-crested weir
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Figure 10.23: Discharge coef�cientµ for round-crested weirs for design head (h1 = h1a).

10.9 Summary

� Open channel �ow is driven by the in�uence of gravity on the �o wing �uid.

� The velocity distribution in the channel cross-section is not constant. However, for many
practical engineering problems a one-dimensional consideration with averaged values is
accurate enough.

� An arbitrary cross-section can be considered as a rectangular cross-section with the equiv-
alent water depth ȳ and the hydraulic radius

rhy =
A
P
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� Different states of �ow can be described with the help of the F roude number

Fr =
v

p
gy

We use the following classi�cation

Fr < 1:0 subcritical �ow

Fr > 1:0 supercritical �ow

Fr = 1:0 critical �ow

� The dependency between the water depth y and the speci�c energy H0 (for q = const.) is
shown in the diagram for the speci�c energy. Furthermore, th e water depth depends on
the state of �ow.

� The speci�c discharge diagram shows the dependency between the water depth y and the
speci�c discharge q (for H0 = const.). Furthermore, the water depth depends on the state
of �ow.

� The transition from supercritical �ow to subcritical �ow is discontinuous. At this point, a
hydraulic jump appears.

� At the point of discharge control, critical discharge occurs. Subcritical �ow is controlled
downstream. Supercritical �ow is controlled upstream.

� In long, undisturbed channel sections with constant bottom slope and constant channel
cross-section normal-depth conditions are present (equilibrium between forces of gravity
(weight of the �uid) and wall friction). The channel slope is classi�ed depending on the
�ow regime (subcritical, supercritical) at normal-depth c onditions.

� The Darcy-Weisbach equation is used for the energy loss due to friction along the channel
bottom:

hv = l
L

dhy

v2

2g

� The �ow velocity for normal-depth conditions can be compute d with the help of the Gauckler-
Manning-Strickler equation:

v = kstr
2=3
hy I1=2

0

� When the �ow is non-uniform, the bottom slope I0 and the slope of the energy grade line
IE differ.

� Different water-level shapes are classi�ed depending on th e type of bottom slope (steep,
mild, ...) and the relationship between normal �ow and criti cal �ow.

� When the bottom slope changes, a change of �ow regime and of th e shape of the water
level can occur. This is also true for a change in bottom roughness: Although the bottom
slope stays the same, a different bottom roughness can induce a change of the water-level
shape from e.g. 'mild' to 'steep'.
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� When calculating the discharge over a weir the discharge coef�cient µ has to be consid-
ered. It depends on the type of weir (broad-crested, sharp-crested, ...).
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10.10 Exercises

1. The velocity distribution in a channel cross-section ...

a) ... is constant.

b) ... is parabolic.

c) ... has its largest value at the wall.

d) ... is described by v = Q=A.

e) none of the above.

2. The hydraulic radius rhy is de�ned as:

a) rhy = 1
2dhy

b) rhy = 1
4dhy

c) rhy = A=P

d) rhy =
p

A=p

e) none of the above.

3. In hydromechanics, the Froude number is de�ned as ...

a) ... relationship between velocity and acceleration.

b) ... relationship between friction forces and forces of inertia.

c) ... relationship between friction forces and velocity.

d) ... relationship between forces of inertia and gravity forces.

e) ... relationship between coriolis forces and gravity forces.

f) none of the above.

4. The speci�c energy H0 corresponds to ...

a) ... pressure head plus velocity head.

b) ... the total energy head.

c) ... the minimum energy head.

d) ... the energy head arising for critical �ow.

e) ... the energy head arising for q = const:

f) none of the above.

5. A bump is located in a channel. The water depth y in front of the bump is ...

a) ... smaller than ybump.

b) ... as large as ybump.

c) ... larger than ybump.
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d) ... ycr.

e) it is not possible to say with these information only.

6. A hydraulic jump describes ...

a) ... the change of �ow from laminar to turbulent.

b) ... the smooth transition from subcritical to supercritical �ow.

c) ... the change of �ow from hydraulically rough to hydrauli cally smooth.

d) ... the transition from mild to steep bottom slope.

e) ... the sudden transition from steady state to transient � ow.

f) none of the above.

7. Which one is correct?

a) Normal-depth conditions are only reached for ideal �ows. .

b) The normal depth is always larger than the critical depth.

c) For a mild bottom slope, the bottom slope is smaller than the critical slope.

d) No normal-depth conditions can occur in the case of a steep slope.

e) The water depth can never be larger than the normal depth.

f) None of the above.



Chapter 11

Forces on immersed bodies

The in�uence of immersed bodies on viscous �ow was already di scussed in Ch. 8. Boundary
layer theory enabled us to develop a descriptive theoretical approach. For practical applications,
however, the quantitative calculation of the �ow �eld using boundary layer theory is nearly im-
possible. Instead, experimentally determined coef�cient s are still used to calculate forces on
immersed bodies.

11.1 Drag and lift

D

L

drag D acts in freestream direction

lift L perpendicular to the drag

p
at

v  (freestream)

Figure 11.1: Flow around a two-dimensional body. De�nitionof the componentsD (drag) and
L (lift) of the �ow-force.

Any given body immersed in a �ow will experience forces and, w ill generally, also experience
moments. To simplify analysis, a coordinate system parallel to the �ow is typically chosen. The
force a body experiences in the �ow direction is called drag D (Fig. 11.1). The second important
component of the force acts in the direction perpendicular to the �ow direction and is called lift

189
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L. It is technically signi�cant e.g. for air �ow around an airp lane wing. In Fig. 11.1, the two
�ow-force components are depicted for a two-dimensional �o w around a body.
The two components of the force result from the shear stress t and the pressure distribution p
on the surface Sof the immersed body.

drag D =
Z

S
t cosa dS+

Z

S
psina dS= Dt + Dp (11.1)

lift L =
Z

S
t sina dS+

Z

S
pcosa dS= Lt + Lp (11.2)

(11.3)

Symmetric bodies like the one shown in Fig. 11.1 are not exposed to lift forces, the only remain-
ing force component is then the drag D.
The contributions Dt and Dp to the total drag D may change depending on the shape of the
body and the �ow direction of the approaching �ow (see Fig. 11 .2).

D t

v0

v0

v0

v0

D p

flow parallel to
a flat plate

ca. 100 % ca. 0 %

streamline shaped 
body

ca. 90 % ca. 10 %

flow perpendicular to
a flat plate

ca. 0 % ca. 100 %

blunt bodies
e.g., spheres, zylinders

ca. 10 % ca. 90 %

Figure 11.2: Contributions to the total drag in �ow around immersed bodies.

11.2 Drag coef�cients

In the case of a cylinder situated in a �ow perpendicular to it s axis (see Fig. 11.2), the pressure
drag Dp (depending on the shape of the object) controls the friction drag Dt . We can obtain
the pressure drag by integrating the pressures p over the entire surface of the body. At the
stagnation point we have the impact – or stagnation – pressure which can be written according
to Bernoulli as

p = p0 +
1
2

r v2
0 (11.4)
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where p0 is the pressure in the approaching �ow. We now introduce the p ressure coef�cient cp

cp =
p� p0
1
2r v2

0

(11.5)

which has a value cp = 1:0 at the stagnation point. On the downstream side of the cylinder, the
�ow has separated. Here, we have underpressure, and cp can also take on values less than
-1.0.

+ +

+

- pc   -distribution

0v

0v

0v

+

- pc   -distribution

pc   -distribution -

+1.0

potential theory,
inviscid (ideal) fluid

+1.0

viscous (real) fluid
turbulent boundary layer

flow separation

shear zone
wake

+1.0

visous (real) fluid
laminar boundary layer

flow separation

shear zone

wake

Figure 11.3: Pressure distribution for a cylinder immersedin a �ow. With a turbulent boundary
layer the separation point is displaced downstream. The separation zone becomes smaller and
the change in the pressure distribution effects a reductionin the drag.

Fig. 11.3 shows the pressure distribution on a cylinder in a � ow for different cases. At the top,
the potential theory is assumed. The other two cases are similar in that they consider real �ow,
but they differ with respect to the boundary layer type. The turbulent boundary layer is more
stable. Due to the higher stability, the �ow separates from t he body further downstream. The
subsequent wake zone is smaller so the pressure decrease on the downstream side is smaller
than that of a laminar boundary layer.
Usually measurements are necessary to quantitatively describe drag forces on immersed bidies.
With the help of the boundary layer theory (Ch. 8) the locus of the �ow separation can be de-
termined, however, a detailed description of the pressure distribution in the wake is not possible.
The experimentally measured drag force D is generally related to a characteristic area, usually
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the projected area of the body perpendicular to the freestream direction. Using the characteristic
area, we can specify a characteristic dimensionless drag coef�cient cD for a body:

cD =
D

A1
2r v2

0

: (11.6)

For the immersed cylinder we have a cD-value of about 1.2 for the laminar case and a value of
about 0.3 for the turbulent case. The cD-value has a large importance to the auto industry: due
to optimized design the cD-value of auto-bodies have been reduced over the last 90 years from
� 0.8 (in 1920) to about 0.2 - 0.3 today.
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c D
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smooth circular
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c

0.1 1 10 10 10 10 10 10 102 3 4 5 6 7

Re

D

streamline
shaped
body

Stokes:
24/Re

function by sphere

Figure 11.4: Drag coef�cient of smooth bodies in two-dimensional (top) and three-dimensional
�ow (bottom).

By way of example, the dependence of drag coef�cients of imme rsed smooth bodies on the
Reynolds number is illustrated in Fig. 11.4. For small Re, all bodies have a large cD value. For
creeping �ow (Re < 1) we can use Stokes' law of resistance as an approximation. He formulated
this law for the �ow around a sphere for creeping �ow as follow s:

D = 3pµdv: (11.7)
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Through a compariseon with Eq. (11.6) we get a Re-dependent cD-value as cD = 24=Re.
For large Reynolds numbers the cD-values for different bodies differ according to their similarity
to streamline-shaped bodies. The most advantageous shape is that of a (rain-)drop. The sudden
decrease of cD for a sphere or cylinder at large Re (between 105 and 106), depicted in Fig. 11.4,
is caused by the transition from a laminar to a turbulent boundary layer. As mentioned above, in
the turbulent case the separation point moves downstream and the resistance (drag) becomes
smaller. The boundary layer transition of course also depends on the roughness of the surface.
The rougher the surface, the more disturbances are introduced to the �ow leading to an earlier
changeover to turbulent �ow. (Now consider why a golf ball ha s so many dimples on its surface.)
The dependency of the drag coef�cient on the Reynolds number only holds for rounded bodies
where the separation point depends on the boundary layer. For sharp-edged bodies the point of
separation is �xed. Accordingly, cD only depends on the shape of the object (e.g. the �at plate
in Fig. 11.4 at the top).

11.3 Oscillating �ow

Under certain conditions when a �ow passes along both sides o f an oblong body (e.g. a cylinder)
an array of alternating vortices can appear. The vortices can lead to dangerous strains and
oscillations perpendicular to the �ow direction.

v 0

L/2

d

L

Figure 11.5: Periodic vortex shedding from a circular cylinder. General sketch of a Kármán
vortex street.

As depicted in Fig. 11.5 alternating right- and left-rotating vortices arranged in a nearly regular
array are generated. This effect was �rst investigated by K ármán; hence the use of the term
'Kármán vortex street'.
The relationship between the inter-vortex distance d (perpendicular to the �ow direction) and the
partitioning L of the vortices depends, even for large Reynolds numbers, on the angle of attack
and the body shape. Calculations and experiments performed by Kármán showed that the array
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of vortices remains stable for only where d=L = 0.28, a condition which holds only for the begin-
ning of the vortex street. Further downstream, the vortex street broadens and the circulation of
the vortices slowly decreases due to friction.

The Kármán vortex street is relevant for practical applications, as it can induce oscillation per-
pendicular to the freestream velocity on the bodies in the �o w. With the Strouhal number, Sr, we
get the frequency f of the Kármán vortex street:

f =
Srv
d

: (11.8)

Sr varies only slightly with Re. In the range where Re lies between 103 and 105 the Strouhal
number is nearly constant at Sr= 0:2. For larger Reynolds numbers (turbulent boundary layers)
the vortex shedding becomes stochastic.
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11.4 Summary

� A body immersed into a �ow experiences drag forces D and lift forces L.

� These forces are induced by shear stresses t and the pressure distribution p on the sur-
face of the immersed body.

� The roughness and the shape of the submerged body in�uenced t he boundary layer which
forms on the surface of the body.

� Flow separation can occur as a result of the pressure distribution on the body around
which the �uid �ows.

� The position of the separation depends on the boundary layer type (laminar, turbulent).

� The drag force, related to a projection of the body-area in the �ow, is a function of the
velocity of the �uid and the drag coef�cient cD.

� The cD-value depends on the Reynolds number and the shape of the submerged body.

� When a �uid �ows around both sides of a body, regular, alterna ting eddies can be gener-
ated (Kármán vortex street).
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11.5 Exercises

1. The drag on a body around which a �uid �ows ...

a) ... is de�ned opposite to the �ow direction.

b) ... acts in the direction opposite that of the �ow directio n.

c) ... depends only on the shear stress on the surface.

d) ... depends only on the �ow velocity.

e) ... occurs only when the body has sharp corners.

f) none of the above.

2. Which of the following is correct?

a) Flow separation occurs only with cylindrical bodies.

b) Flow separation occurs only in laminar �ows.

c) Flow separation should de�nitely be avoided in practical applications.

d) Turbulent boundary layers are less stabile and therefore more dangerous than laminar
boundary layers.

e) None of the above.

3. A trout struggles against the current in a mountain stream. Which forces are at work on
the trout?

a) Lift forces

b) Bouyant forces

c) Gravitational forces

d) Drag forces

e) Elastic forces



A
ppendix

A

P
hysicalproperties

of�uids:
w

ater,air

property symbol unit temperature in oC
of WATER 0 10 20 30 40 50

density r kg
m3 999.87 999.73 998.23 995.67 992.24 988.07

spec. weight g 103 kg
m2s2 9.809 9.804 9.798 9.765 9.730 9.689

dyn. viscosity h 10� 6 kg
m�s 1784.8 1304.2 1000.28 786.5 652.15 539.37

kin. viscosity n 10� 6m2

s 1.78 1.30 1.00 0.70 0.66 0.55

surface tension k 10� 3N
m 75.6 74.2 72.7 71.2 69.6 67.9

vapor pressure pD
N
m2 608 1226 2334 4236 7375 12337

mod. of elast. E 109 N
m2 2.010 2.113 2.211 2.265 2.299 2.305

property symbol unit temperature in oC
of AIR 0 10 20 30 40 50

density r kg
m3 1.29 1.25 1.21 1.17 1.13 1.09

spec. weight g kg
m2s2 12.65 12.26 11.87 11.47 11.08 10.69

dyn. viscosity h 10� 6 kg
m�s 17.16 17.46 18.14 18.73 19.12 19.42

kin. viscosity n 10� 6m2

s 13.3 14.0 15.1 16.1 16.9 17.8
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Appendix B

Important numbers in �uid mechanics

name de�nition interpretation of important
ratio of forces for

REYNOLDS number Re= v�L
n

inertial force
viscous force always

FROUDE number Fr = vp
g�L

inertial force
gravity force open channel �ow

WEBER number We= vp
k=(r �L)

inertial force
surface tension open channel �ow

MACH number Ma = vp
E=r

inertial force
elasticity �uid or compressible �uids

�ow velocity
speed of sound

CAUCHY number Ca= vp
Ef =r

inertial force
elasticity solid

Cavitation number Ka = p0� pD
1
2r v2

0

pressure level
dynamic pressure cavitation
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Appendix C

Solutions to the exercises

Chapter 1

1. b

2. d

3. b

4. c

5. e

6. b

7. a

8. a, b ,c ,d ,e

Chapter ??

1. a

2. b

3. g

4. f

5. c

6. a, b

7. f

8. b
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